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Exponential Family; they can represent the error
distribution in generalized linear models (GLMs).

1987 Jgrgensen rescued Tweedie's ideas and defined an
extended family of distributions named Exponential
Dispersion Model. They broaden the field of GLMs,
allowing the researchers to choose, between infinite
probability distributions, the one that optimally
represents their data.

2012 Jgrgensen and Martinez developed a unified
methodology to build Multivariate Exponential
Dispersion Models (MEDMs) with fixed known
marginals and a flexible correlation structure.
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These new MEDMs have a flexible covariance structure.




Construction of bivariate exponential dispersion models

The bivariate case is obtained as follows: let Z = (Z1, Z3) be
expressed as

Z = (Ul, U2) + (Ul,O) + (0, U2)

where the three terms are independent with CGFs given by

(s1,52) — A12rg(s1, 52)
(s1,52) — A1kg(s1,0)
(s1,52) = A2rg(0, 52)
with 119(51, 52) = H(@l + 51,02 + 52) — I{(Ql, 92), being x the

cumulant function of the generated bivariate natural exponential
family.




The reproductive MEDM is defined by the scale transformation
Y = Z/\, the random vector Y has mean p = £ (0) and
covariance matrix

2
g g
Cov (Y) = { 11H] 12¢M12M2 ]
1201 2 o225

where oj; are the components of the dispersion matrix

1 A1
_ A A11A22 .
=1 a0 R

A11A22 A22

we will denote it by Y ~ ED(u, X).




Negative correlation

One slight disadvantage of the method is that only positive
correlations are obtained. Recently Cuenin, Jrgensen and
Kokonendji (2015) gave a variables-in-common method for
constructing multivariate distributions admitting negative
correlations, but it is restricted to Tweedie models.
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The moment generating function (MGF) in terms of p is then

—A12
515
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s =1 5 =2
1-— 1-— . 1
( p )\11) ( H2 An) (1)

Note that when ¢ = 0, meaning independence, (1) becomes
M(st,s2i 1 A) = (1= i)™ (L b o
11
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been the theory of regularly varying functions. that were defined
by J. Karamata (see deHaan, 1975 and deHaan and Resnick,
1987), they behave asymptotically as their Laplace transforms.
The next definition was given by Omey and Willekens (1989),
extending the concept of regular variation to ]Ri.
Definition
A measurable function u : ]Ri — R is regularly varying at
infinity (zero) with indexes ., € R if Vx,y >0 and t > 0, the
limit

lim ultx, sy) = x%yP,

min(t,s)—o0(0) U(t, S)

exists and is finite.
Notation: u € VR (a, 3),;
If a = 8 =0 the function is said to be slowly varying at infinity
(ZGI’O), Le VLoo(O)
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Regular variation of measures

The concept of regular variation can be extended to measures as
follows.

Definition

A measure v on Ri is said to vary regularly at infinity or zero with
indexes «, B € R if the distribution function

v(x,y) =v{(0,x] x (0,y]} does.
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Bivariate Karamata theorems

Hereafter the notation “f(x) ~ kg(x) when x — o0” means that
li f) _
im 5 =
x—008(X)
Next we extend a theorem stated by Jgrgensen, Martinez and Tsao
(1994), that relates regular variation of a measure with regular

variation of its Laplace transform.

Theorem
Let v be a measure on R3 with Laplace transform w (-, ), then

1
MNa+1)r(B+1)

11
w <, > ~ tSPL(t,s)

v(t,s)~ tsOL (t,5) <=

t's

when min (t,s) — oo, L € VL, a and (3 being non negative
numbers and U the function given in the previous definition.
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We proved that the statement on the left is equivalent to affirm
that 7 € VR(«, 8)co-
Now let v be a measure of the form

v (dx, dy) = g (x,y) x* 1y’ Ldxdy,

g being analytic and zero at (0,0), then v € VR(«, 5)o. Theorem
[T] allows us to say that the MGF of the natural exponential family
generated by such a measure takes the form

M, (61,62) = (—01) % (=62) P L(—61,—6,), 61,6, <0, (3)

where L (=601, —603) € V.
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Bivariate Karamata representation

de Haan and Resnick (1987) proved an extension of Karamata
representation to the multivariate regular variation case; we are
interested in the particular case of bivariate slow variation.

A slowly varying function L : ]R?F — R can be represented as

[[es2]l
L) =denen] [ 2a (@
1

where d : R2 — R and a: R? — R such that
tlim | d (tx, ty) — do |= 0 for some 0 < dp < oo and
— 00

tlim a(t,t)=0.




The main result

Theorem

Let Y ~ ED(u,X) be a bivariate EDM generated by the measure
v with support S C (0,00) x (0,00). Suppose that v is regularly
varying at zero or infinity with the same index on both variables.
Given (3) and if I(x, y) satisfies:

im 101 (=d1(cp), —b2(cp))

=0, i=1,2 5
c—0(c0) € 0di(cp) : (5)
1 A12
for all u € Ri and ¥ = ﬁg )‘111)‘22 with A11 >0, App >0
A11A22 A2

and \1» > 0, then

1
7ED(CH‘72) i) F(p’7za)
C

c—0(oc0)
where I" is the bivariate Gamma defined previously and

1
ZaZ[“i‘\“ iw (OO E ERR




Proof

Let Z=(Z1,2,)" ~ ED*(0, ) be the bivariate additive EDM
generated by v, constructed as described above with MGF

[65(914-51,92)} A1 [65(91,92-"-52)] A2 [eﬁ(91+51,92+52)] A2

M (Sy 07 A) — |:eK/(01,02):| )\1+A2+A12

Replacing by x we obtain

s —alil P —ad»
M*(s;0,A) = (1+ L 142
01 0,

X [L(_el — S _92)]/\1 [L(—Hl, —6 — sz)rz

L(—61,—6-) L(—61,—6-)
[L (=01 — s1,—02 — 52)] Az
L(_elu _92)




Given the scale transformation Y = (Y1, Y2)T = (

zZ1 2

bV T22) and
MGFs properties, the MGF for the perturbed reproductive model
%ED(cu,Z) results, for p; > 0 fix, i = 1,2 and ¢ small enough to

ensure that cu € Q

M <is; 1 (cp) ,/\)

—ad11

= (14 xeian)
—ad

% (1+ sl

s A
" [L<51(CH))\111C:52(C“')) ]

L(—d1(cp),—62(cp))

A
. [L(%(cm,az(cumzc)] 2

L(—d1(cp),—d2(cp))

A
L(fal(cu)fﬁ,féz(cu)*AZC) N
X L(—d1(cp),—d2(cp)) ’
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Let us denote by h; (s; ¢, i, \) the expressions with exponent A;
(i=1,2) and by h12 (s; ¢, u, \) the one with exponent Ajp so the
MGF can be written as follows:

M<1s “1(cp) /\> <1+51 )_Mn
—S, T 9 =
c K A11¢d1(cp)

% —ad
X 1+ ——
( A2ncha(cp) )

X h?l (s;c,pm, N)
X hy2(s;c, )

X hR(s;c,m,N). (6)
The following equalities will be proved:
. a .
CIinocé,((:p) s i=1,2, (7a)
IimOh,- (sic,p,N)=1, i=1,2, (7b)
c—
Iim0h12 (s;c,pm,N\) =1, (7¢)
c—
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To prove ([7al) note that given condition , we have that

—x @
Céi(Cﬂ) = (=71 =T
pit ¢ (85,-(c;(5“)) Hi

Before proving and in order to simplify the notation we define

T ~ ~N\T
0 = (01,92) = (61(cp), 02(cp)) ", it can be proved that
di(cp), i =1,2 are strictly increasing functions.
Now, to obtain Iimohl (s; ¢,y N), we apply , in such a way that
C—>

hy (s; ¢, i, \), with 771 (cp) in terms of 8 can be expressed as
L (—51 (1 + 21) , —ég)
L(—%J—%)
d —51 (1+21),—(§2 n
= ( )exp /a(i’t)dt

dCﬁh—%) J

hy (s; c,é,/\) =

(8)




h — (=
where m = H( 01, 92)H n-”( 91{1—1—21} —Gz)H being
II-]| any norm and z; =

A1 c91



Taking into account that Iimo(l +21) =1 35 > 0 because
c—

s1 < 0 and given the conditions required for bivariate Karamata
representation, it can be deduced that

d(-0(1+2).-6) 4

lim — — =—-=1L (9)
0 4 (-91, —92> do
We also have that
1 1
a(t,t) < sup a(t,t) and that = < —,
m<t<n t m

and then




For type 1 norm defined as ||(x,y)|l1 = |x| + |y| we have that

n—m=[0||1+z|+|0|—|01]|—]|0]
=01 (|1+2]|-1),

and
[a(t,1) 1
alt,t o
Ldt < sup a(t,t)————75— 1|61 14+2z|-1).
[ s s e g 1 (L )
m
1
Now, given that |9| > AR
n
t, t
Iim/a(’)t<llm sup a(t,t)—=— |01 (|1+2z|—-1)=0,
c—0 t c—=0m<i<n | |
m
hence
tt
I|mexp /( =1. (10)




Putting together both results ([9) and and replacing in (§):

Iimohl (s;c,m,N) = 1.

Limits for h, and hio when ¢ — 0 can be obtained in a similar way,
then taking limits in @ we have that

imm A 1 s ) 2 )
= — 1 —
CT;]O { S T (Cu) ’ } < Nl ()(/\11) < /142 Oé/\22> ’

and this is the expression for the MGF of the bivariate dispersion
model I (u, X,) for independent variables, as was proved in .
The matrix X, takes the following form:

1
0
Za:[agﬂ 1 :|

ad




Example
Let the bivariate EDM, ED(p, %) be generated by the following

measure, that is an extension of the measure presented by Letac
(1992):

v (dy1, dyr) = (ezy1 — 1) (e2y2 _ 1) dyidys, (v1,)2) € Ri. (11)
The CGF is:

k(01,0) = Iog/ / e}’191+y2921/(dy1,dy2)
o Jo

= log

2
!
67 120, 8

In order to analyse if v varies regularly we obtain the distribution
function 7(y1, y2) = v {(0, y1] x (0, y»]}:

37! ¥2
v(y1,y2) = /0 (62” — 1) du/o (e2s — 1) ds

_ e 1] [e* 1
= 5 —Y1—§ 5 —Y2—§

9% + 292 ’




Taking limits:

P tya) €2t =2ty — 192 — 2ty — 1
im———"—== =i
t—0 D(t,t) t—0 et —2t—1 2t —-2t—1
2
= (}/1)/2) )

then 7 € VR(2,2)o and by Definition [2| the measure v varies
regularly. Given we can affirm that the MGF is

M, (61,6,) = e*(®)
2 2
02+ 205 62 + 20,
= (—01) % (=62) 2 L(~01,—02),

where L € VI is

4600,
(61 +2)(62+2)

L(—61,—6) =




Let us analyse conditions :

ol(—01,—02) 1 1 2 .
—_— —m- = — - = | = 1, 2
00; 0 0i+2  0;(0;+2)
and taking into account that
2 S 1 1)2
0K 2 4(0; +1)° . —1.2

90:00; 02 +20; (0 + 2)?

these second derivatives can be expressed in terms of mean values:

R, (01,02) = Vi (i) = pf +1—/p2 +1i=1,2,

ol (—b1,—62) /5 .
g =mH1-li=12

giving




Then, taking limits and applying L' Hopital:

10 (~i.~0:) R
cinOE 8&[ o clno Cc

150 35,2
:cllnoi(c pi+1) ?2cuf =0,

for i = 1,2, so conditions are satisfied. Now, given and
according with Theorem 2| EDMs generated by satisfy that
when ¢ — O:

1
CED(cp,T) T (1, %)
I" being the bivariate Gamma distribution for independent variables

1 0
with Za = |: 2)611 1 :|
2X22
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» Contributions made by J. Karamata extended to R¥ some
theorems for regular variation functions establishing that they
behave asymptotically as their Laplace transforms.
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» We proved that bivariate EDMs generated by regularly varying
measures, tend to a bivariate independent Gamma distribution
when the mean parameter goes to some extreme in the
parameter domain, imposing no conditions on the asymptotic
behaviour of the variance function.

» Hitz and Evans (2016) developed an extension of Karamata
theorem to multivariate regular variation functions, their
results open a new line of research of convergence properties
of dispersion models for extremes (Jgrgensen, 2010).
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