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Introduction

Pursuing to characterize five-valued tukasiewicz-Moisil algebras as
De Morgan algebras such that their complemented elements satisfy
certain conditions and to obtain corresponding characterizations of
four and three-valued cases, Cignoli and Sagastume, introduced
the class of involutive Stone algebras, noted by S, in

The lattice structure of some tukasiewicz algebras. Algebra
Universalis. 13 (1981) 315-328.

Later, this same authors proved that S is a variety, provided a
topological duality for them and they used this duality for
determining the subdirectly irreducible algebras and the simple
algebras, in

Dualities for some De Morgan algebras with operators and
tukasiewicz algebras. J. Austral. Math. Soc. (Series A) 34 (1983)
377-393.
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Involutive Stone algebras

Let A be a De Morgan algebra. Denote by K(A) the set of all
elements a € A such that the De Morgan negation of a, —a,
coincides with the complement of a. For every a € A, let

K,=1{k € K(A):a<k}

and, if K; has a least element, denote by Va the least element of
K,. The class of all De Morgan algebras A such that for every
a € A, Va exists, and the map

a—~ Va

is a lattice=homomorphism is called the class of involutive Stone
algebras, denoted by S.
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Involutive Stone algebras

In what follows, we are going to denote [Ja instead of Va.

Theorem (Cignoli et al.)

S is an equational class. More over, if A is a De Morgan algebra
A € S if and only if there is an operator [1: A — A such that

(IS
(1S2)
(1S3) (x/\y)%Dx/\Dy,
(1IS4) —=Ox A Ox = 0.

So, in what follows,
A involutive Stone algebra is an algebra (A, A, V,—,[0,0,1) of type
(2,2,1,1,0,0) such that

e (AN, V,—,0,0,1) is a De Morgan algebra and

e [ satisfies (1S1)—(1S4).
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Involutive Stone algebras

Proposition

If A is an involutive Stone algebra then
(i) DA = K(A),
(i) x e JA iff x =0k,

Clearly, I is a modal operator and it satisfies the following
properties:

Proposition

In every involutive Stone algebra A the following identities hold:
(SI15) O1=~1, (Sle)  —xvDOx=~1,
(SI7) OOx~0Ox, (S18) O-0Ox =~ —-0Ox.
(S19) xA-0Ox=0, (SI10) O(xVvOy)=~OxVv0Oy.

As usual, we can define the operator { as follows
Qa =der. "ma
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Examples of involutive Stone algebras

And then,

In every involutive Stone algebra A the following identities hold:
(SI11) $a<a, (S112) ¢$0a = Oa,
(S113) Oda =~ Oa, (S114) H(an—a) = 0.
(S115)  OH(aVvb) = Gav b, (SI16)  O(an b) = San b,

Some examples of involutive Stone algebras are the following:

(i) 1
1

P
o—0
o =

Wl

5

W= WIN

L, 0
Ls 0

where [(Ix =1, for all x # 0
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Examples of involutive Stone algebras

1
o1
3 2
® 2 3
2
¢)2 N B
1 1
® 2 3
e 0 e 0
Ls Se

where [Ox = 1, for all x # 0.
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Examples of involutive Stone algebras

(i) Every Boolean algebra (A, A, V,—,0,1) admits a structure of
involutive Stone algebra. Indeed, taking [Ix = x we have that
(A, A, V,—,00,1) is a involutive Stone algebra.

(iii) (Cignoli et al.) If (A,A,V,~,01,...,04,0,1) is an n-valued
tukasiewicz-Moisil algebra, then the reduct
(A, A\, V,~,0,,0,1) is a involutive Stone algebra.

Remark. Not every De Morgan algebra admits a structure of
involutive Stone algebra. Indeed, consider

1
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Subdirectly irreducible and simple algebras

Theorem (Cignoli et al.)

The subdirectly irreducible algebras in the variety of involutive
Stone algebras are IL; for 2 < i <5, and Se.

Theorem (Cignoli et al.)

The simple algebras in the variety of involutive Stone algebras are
Lg and L3.

S = V(Se).

@ H. P. Sankappanavar. Principal congruences of
pseudocomplemented De Morgan algebras. Zeituchr. f. math.
Logik und Grundlagen d. Math. Bd. 33, S. 3—-11 (1987)
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The Logic Lg

Now focus on the logic that preserves degrees of truth ]L§
associated to involutive Stone algebras. This follows a very general
pattern that can be considered for any class of truth structure
endowed with an ordering relation; and which intend to exploit
manyvaluedness focussing on the notion of inference that results
from preserving lower bounds of truth values, and hence not only
preserving the value 1.

Let §m = (Fm, A,V,—, 0, L, T) the absolutely free algebra of type
(2,2,1,1,0,0) generated by some fixed denumerable set Var. As
usual, the leters p, g,... denote propositional variables, the leters
a, B, ... denote formulas and ', A\, ... sets of formulas.

Liliana M. Canti & Martin Figallo On the logic that preserves degrees of truth associated to invo



On the logic that preserves degrees of truth associated to involutive Stone algebras

The Logic Lg

The logic that preserves degrees of truth over the variety S is
}LSS = (Fm, ):S§> where, for every ' U {a} C Fm:

(i) fT ={aq,...,an} #0,
a1,...,an g @ <= VAES, Vv € Homg(Fm, A), Vac A
if v(aj) > a, for all i < n,
then v(a) > a
(i) 0 =5 a < VAES, Vv € Homs(Fm, A), v(a) = 1.
(iii) If I € Fm is non—finite,
r ’:5 o <= thereare ai,...,a, €I such that

<
ai,...,0, =g a.
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The Logic Lg
From the definition we have that ]L§ is a sentential logic, that is,
|:5S is a finitary consequence relation over Fm.

Proposition

Let {a1,...,an,a} € Fm, n > 1. Then, the following conditions
are equivalente:
(i) ai,...,an ):sg a,
(il) a1 A+ Ay ):SS a,
(i) SEa1 A Aay < a

Besides,

Proposition

Let o, 3 € Fm. Then,
(i) a5 B <= SEaxb
(i) adEs B <= SEa~p.

Liliana M. Canti & Martin Figallo On the logic that preserves degrees of truth associated to invo



On the logic that preserves degrees of truth associated to involutive Stone algebras

The Logic Lg

Since the variety of involutive Stone algebras is generated by the
six—element algebra Sg, i.e., S =V(Sg). This means that that
every equation holds in S if and only if it holds in Sg.

Then,

Proposition

For every TU{a} C Fm, T ):SS a if and only if there exists a
finite set [o C I such that for every h € Hom(§m, Se),

A{h(7) : 7 €To} < h(a). In particular, § =5 a if and only if
h(a) = 1 for all h € Hom(Fm, Se).
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< . .
Lg as a matrix logic

Recall that, a generalized matrix is a pair (A,C) where A is an
algebra and C is a family of subsets of A that is a closed set system
of subsets of A. That is,
(C1) Aec,

(C2) if {X,'},'G/ C C then U X; eC.

i€l

If G =(A,C) is a generalized matrix. The logic Lg = (§m, =¢)
determined by G is defined by follows: if ' U {a} C Fm

N=ca <— Vv € Homs(Fm, A), VF € C
if v(y) € F, for all v € F, then v(a) € F.

Now, consider the family of logic matrices

F={(A,F): A€ S and F is a lattice filter of A}
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< . .
Lg as a matrix logic

and the family of generalized matrices

Fg ={(A Fi(A)) : Ac S}

where Fi(A) is the set of all filters of A.

The logic ]L,SS coincides with the logic Lz and also with the logic
Lz,.

g

On the other hand, the filters of Sg are precisely the principal
filters generated by each element of S¢. Then,

Fi(Se) = {[0),[3): [N),[B).[5).[1)}. Now, consider the following
family of matrices

Fo = {<S6’ [0)>7 <S67 [%)% <S67 [N)>v <Sﬁv [B)>7 <S67 [%)>7 <S6’ [1)>}
and the generalized matrix

]:g = (Se, Fi(Se))
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< . .
Lg as a matrix logic

Then,

The logics L s, ]L;g and L§ coincide.

On the other hand,

Let h:3m — Sg, V' C Var and K : §m — Sg such that, for every

peV,
N if h(p) = B N i h(a) =B
H(p) = B if h(p)=N . Then W' (o) = B if h(a) =N
h(p) otherwise h(«)  otherwise

for all & € Fm such that Var(a) C V',
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]L,SS as a matrix logic

The matrices (Se, [N)) and (Se,[B)) are isomorphic.

And then

The logic that preserves degrees of truth associated to involutive
Stone algebras, ILSS, is a six—valued logic determined by the

matrices (Se, [3)). (Se, [N)). (Se, [3)) and (S, [1)).

In what follows, we denote by Six the logic ]Lg. We have

Six is not functionally complete.
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Six as a paraconsistent logic

Proposition

Six is non—trivial and non—explosive.

Proposition

Six is paracomplete.

On the other hand, if we consider in the language of Six the set

O(p) = {Op Vv $p}.

Proposition

Six is finitely gently explosive with respect to (O(p) and —.

From this, we have

Six is a LFI with respect to — and the consistency operator o
defined by oo = Qo vV H—ax, for every a € Fm.
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Six as a paraconsistent logic

The operator o propagates through the others connectives.

The following conditions hold:
(i) Fsix oL (ii) oar [=gjx oD
(ifi) oar [=gix 0ma (iv) ca, 0 [=gjy o(a#B) for # € {A,V}.

More over, |=g;x 0—"oq, for all n > 0. In particular, =gjyx cocc. In
this way, Six validates al the axioms (cc), of the logic mCi.
Como es usual en el marco de las LFls, es posible definir un
operador de inconsistencia ® sobre Six del siguiente modo:

o0 =gef 10 Q.
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Six as a paraconsistent logic

Lemma

It holds:

(i) aA-a =gix e but e gy a A,
(i) ecr [=gjx e~ and e-a |=gjy eq,

(iii) e(a#p) =gix @V o3 for # € {A,V}; the converse
doesn’t hold.

As it is usual in LFls, it is interesting explore the possibility of
reproducing the classical logic inside Six.

We have the following Derivability Adjustment Theorem (DAT)
with respect toCPL.

Let I U {a} be a finite set of formulas in CPL. Then, I FcpL o if
and only if, T,opy,...,op, Egjx @ where
Var(f'u{a}) ={p1,...,pn}
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A proof theory for Six

The sequent calculus &

Axioms

(structural ax.) a = « (1st modal ax. ) a = O«

(2nd modal ax ) = Oa VvV -0O«

Structurales rules

M= A M=A

(Ieft Weak.) m (rlght Weak.) m

= Aa ol=A
= A

(cut)
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A proof theory for Six

Logical rules
Mo pg=A NrN=Aa IT'=A0
VAN = VAN
=) Fonssa (=A) = AahB
NNa=A T,6=A N=Aa,06
V = =V
( ) Navpg=A ( ) = AaVvpg
a=f
) ———
-8 =«
(o =) o= A (= ) M=o, A
o M——a= A T o, A
® Foasoa U=) Femesa
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A proof theory for Six

The notion of proof (or &—proof) in the sequent calculus & is the
usual.

We say that ' = A is probable in G, denoted by &+ I = A, if
there exists a proof in & for it. If « is a formula we write & I « to
express that G = «, i.e., the sequent = « is probable in &.

The following are some technical results that are useful to prove
soundness and completeness with respect to S.

Let a1,...,an,B1,---,Bm € Fm. The following conditions are
equivalent.

(i) a1,...,anp = P1,...,8m is probable in &,
(i) cx A+~ Ay = P1,...,Bm is probable in &
(|||) ,p = 81V ---V B, is probable in &

iv) -/\oz,,:>61\/---\/ﬁmisprobablein6.

a1
a1
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A proof theory for Six

Let a, 8,7 € Fm such that « < 3. Then,
(YaVvye BVy, (i) a< -4,
(i) any e BAy, (v) Oa< 0O85.

Let a, B,y € Fm. Then, aV (BA7Y) < (aV B)A(a V)

Let «, B € Fm. The following sequents are probable in &.
(i) a=—a, ——a=a, (V) aV-ap=(anp),
(i) aV = ——aV-ap, (vi)naA-F=-(aVp),
(iii) ~—a A= =aV P (i) -(aAB)=-aV -,
(iv) ~(aV B) = ~a A =B,
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A proof theory for Six

Let a, B € Fm. The following sequents are probable in &.
(i) O(a Vv B) & Oa v OB,

(i) O(a A B) & OaAdg,
(i) O0a < O,
(iv) O0-Oa < -0«

Let a1,...,an,B1,--.,Bm € Fm. We say that the sequent
a1,...,0np = B1,...,8m is valid if for every h € Hom(Fm,Sg) we

have
h(/\a, ) < h( \/51)
i=1

If n =0, we consider /\a,—Tandlfm—O \/BJ—J_
=1
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Soundness and Completeness

Besides, we say that the rule

|_1:>A1,...,|_k:>Ak
M= A

preserves validity if it holds:
= Ajisvalid for 1 < i<k implies I = A is valid.

Then,

Theorem (Soundness)

Every sequent [ = A probable in & is valid.
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