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Problema

Ω ⊆ R3 dominio acotado Lipschitz,

Γ := ∂Ω caras planas.

∇ p = −u in Ω

divu = f in Ω

Ω no es convexo.

u /∈ H1(Ω).
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Ahora,

Ω =

L⋃
l=1

Tl

En cada Tl a lo sumo una arista y a lo sumo un vértice.

Splitting

u = ur + us

ur ∈ H1(Ω)3

us ∈ V 1,2
β,δ (Tl)

2 × V 1,2
β,0 (Tl) (1)

‖v‖2
V 1,2
β,δ (Tl)

=
∑
|α|61

∫
Tl

|R(x)β − 1 + |α|θ(x)δ−1+|α|Dαv(x)|2 dx

1Apel, Nicaise (1998).
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Estimaciones a priori en normas pesadas

‖us,i‖V 1,2
β,δ (Tl)

6 c‖f‖L2(Tl)

‖us,3‖V 1,2
β,0 (Tl)

6 c‖f‖L2(Tl)

con

δ > 1− π

ωe
,

β >
1

2
− λv.2

2computed via the eigenvalue problem of the Laplace–Beltrami operator
∆Xu on the intersection of Ω and the unit sphere centered at v.



Estimaciones a priori en normas pesadas

‖us,i‖V 1,2
β,δ (Tl)

6 c‖f‖L2(Tl)

‖us,3‖V 1,2
β,0 (Tl)

6 c‖f‖L2(Tl)

con

δ > 1− π

ωe
,

β >
1

2
− λv.2

2computed via the eigenvalue problem of the Laplace–Beltrami operator
∆Xu on the intersection of Ω and the unit sphere centered at v.



Estimaciones a priori en normas pesadas

‖us,i‖V 1,2
β,δ (Tl)

6 c‖f‖L2(Tl)

‖us,3‖V 1,2
β,0 (Tl)

6 c‖f‖L2(Tl)

con

δ > 1− π

ωe
,

β >
1

2
− λv.2

2computed via the eigenvalue problem of the Laplace–Beltrami operator
∆Xu on the intersection of Ω and the unit sphere centered at v.



Estimaciones a priori en normas pesadas

‖us,i‖V 1,2
β,δ (Tl)

6 c‖f‖L2(Tl)

‖us,3‖V 1,2
β,0 (Tl)

6 c‖f‖L2(Tl)

con

δ > 1− π

ωe
,

β >
1

2
− λv.2

2computed via the eigenvalue problem of the Laplace–Beltrami operator
∆Xu on the intersection of Ω and the unit sphere centered at v.



Estimaciones a priori en normas pesadas

‖us,i‖V 1,2
β,δ (Tl)

6 c‖f‖L2(Tl)

‖us,3‖V 1,2
β,0 (Tl)

6 c‖f‖L2(Tl)

con

δ > 1− π

ωe
,

β >
1

2
− λv.2

2computed via the eigenvalue problem of the Laplace–Beltrami operator
∆Xu on the intersection of Ω and the unit sphere centered at v.



Formulación débil

Hallar (u, p) ∈ H(div,Ω)× L2(Ω)
t.q. para todo (v, q) ∈ H(div,Ω)× L2(Ω)

∫
Ω

u · v dx−
∫
Ω

p divv dx = 0

∫
Ω

q divu dx =

∫
Ω

f q dx
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Formulación débil

V = H(div,Ω)
Q = L2(Ω)

Hallar (u, p) ∈ V×Q
t.q. para todo (v, q) ∈ V×Q

∫
Ω

u · v dx−
∫
Ω

p divv dx = 0

∫
Ω

q divu dx =

∫
Ω

f q dx



Graduamos las mallas para obtener un método que recupere el
orden de convergencia.

h1, h2 ∼


h

1
µ if d(K, e) = 0

h d(K, e)1−µ if 0 < d(K, e) . 1

h if d(K, e) ∼ 1

h3 ∼


h

1
ν if d(K, v) = 0

h d(K, v)1−ν if 0 < d(K, v) . 1

h if d(K, v) ∼ 1

µ ∼ 1− δ,
ν ∼ 1− β
Y además: µ < 1⇒ µ 6 ν.
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Formulación débil discreta

Vh = RT k(τh)
Qh = Pk(τh)

Hallar (u, p) ∈ Vh ×Qh

t.q. para todo (v, q) ∈ Vh ×Qh

∫
Ω

u · v dx−
∫
Ω

p divv dx = 0

∫
Ω

q divu dx =

∫
Ω

f q dx
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Queremos mallar combinando tetraedros y prismas para

I evitar

I (1 prisma = 3 tetra  ) usar menos elementos.
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Table 1

Aparecen pirámides en el medio.



Table 1

Aparecen pirámides en el medio.



Table 1

Aparecen pirámides en el medio.



Interpolación H(div)–conforme en pirámides.

πu ∈< ζ1, ζ2, ζ3, ζ4, ζ5 > tal que

∫
f

πu · ν dσ =

∫
f

u · ν dσ

donde



Table 2
Shape functions en P̂

ζ1
3 =


− xz

1−z

y − 2 + y
1−z

z

 ζ2 =


x− 2 +

x

1− z
− yz

1− z
z



ζ3 =


x+

x

1− z
− yz

1− z
z

 ζ4 =


− xz

1− z
y +

y

1− z
z

 ζ5 =


x

y

z − 1



Ya no son polinomios! [GH99].

3f1 = P̂ ∩ {y = 0},ν1 = (0,−1, 0)′



Programa para mallar macro–elementos.
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Los nodos de la malla

Fijamos:

T = [p0,p1,p2,p3]

p0 = 0

[p0,p3] = la arista singular

p3 = vértice singular

[p0,p1,p2] ⊆ {z = 0}.



λ0, λ1 y λ2: coordenadas baricéntricas con respecto a p0,p1 y
p2.

pi,j es tal que

λ0(pi,j) = 1− λ1(pi,j)− λ2(pi,j)

λ1(pi,j) =
i

n

(
i+ j

n

) 1
µ
−1

λ2(pi,j) =
j

n

(
i+ j

n

) 1
µ
−1

.

0 6 i 6 n

0 6 j 6 n− i
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Los puntos son la unión de

{
pi,j : 0 6 i 6 n, 0 6 j 6 n− i

}

{
pi,j : 0 6 i 6 n− 1, 0 6 j 6 n− 1− i

}
+ [1−(n−1

n )
1/µ] e3

...{
pi,j : 0 6 i 6 n− k, 0 6 j 6 n− k − i

}
+ [1−(n−kn )

1/µ] e3

...{
pi,j : 0 6 i 6 1, 0 6 j 6 1− i

}
+ [1−( 1

n)
1/µ] e3

{e3} ,
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i.e.:

P =

n⋃
k=0

{
pi,j : 0 6 i 6 n− k, 0 6 j 6 n− k − i

}
+ [1−(n−kn )

1/µ] e3.



Theorem

‖u− uh‖L2(Ω)3 6 C h ‖f‖L2(Ω)

‖p− ph‖L2(Ω) 6 C h ‖f‖L2(Ω).

Esbozo de la demostración.

‖u− uh‖L2(Ω)3 6 C inf
v∈Vh

‖u− v‖V

6 C ‖u− πu‖V

‖p− ph‖Q 6 C [ inf
v∈Vh

‖u− v‖V + inf
q∈Qh

‖p− q‖Q]

6 C [‖u− πu‖V + ‖p− π⊥h p‖Q].
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‖u− πu‖2V = ‖u− πu‖2L2(Ω)3 + ‖div (u− πu)‖2L2(Ω)3 .

Primero:

‖div (u− πu)‖20,Ω = ‖div u− div πu‖20,Ω

(elementwise proj.) = ‖div u− pτhdiv u‖20,Ω

6 h2 ‖div u‖20,Ω

= h2 ‖f‖20,Ω.
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Segundo:

‖u− πu‖L2(Ω)3 6 ‖ur − πur‖L2(Ω)3 + ‖us − πus‖L2(Ω)3

Comentamos una cuenta para la parte singular.
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Table 3
Parte singular.

d(K, e) > 0

d(K, e) = 0

d(K,v) > 0 d(K,v) = 0



Recordar



Teorema (Interp. loc.)

K es una pirámide como recién: k3 > k1, k2.

π = πK es el interpolador local sobre caras.

‖us − πus‖0,K .
∑
i

ki‖∂ηius‖0,K + hK‖divus‖0,K (1)

Ahora acotamos cada término a la derecha de (1) por h‖f‖L2(Ω).
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Recordar (direcciones según singularidades)

h1, h2 ∼


h

1
µ if d(K, e) = 0

h d(K, e)1−µ if 0 < d(K, e) . 1
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h

1
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h d(K, v)1−ν if 0 < d(K, v) . 1
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h1‖∂η1us‖ = h1

3∑
i=1

‖∂η1us,i‖

6 h

3∑
i=1

‖r1−µ
∂η1us,i‖

6 h

(
2∑
i=1

‖R1−µθ1−µ
∂η1us,i‖+ ‖R1−µ

∂η1us,3‖

)

(µ 6 ν) 6 h

(
2∑
i=1

‖R1−νθ1−µ
∂η1us,i‖+ ‖R1−ν

∂η1us,3‖

)



h1‖∂η1us‖ = h1

3∑
i=1

‖∂η1us,i‖

6 h

3∑
i=1

‖r1−µ
∂η1us,i‖

6 h

(
2∑
i=1

‖R1−µθ1−µ
∂η1us,i‖+ ‖R1−µ

∂η1us,3‖

)

(µ 6 ν) 6 h

(
2∑
i=1

‖R1−νθ1−µ
∂η1us,i‖+ ‖R1−ν

∂η1us,3‖

)



h1‖∂η1us‖ = h1

3∑
i=1

‖∂η1us,i‖

6 h

3∑
i=1

‖r1−µ
∂η1us,i‖

6 h

(
2∑
i=1

‖R1−µθ1−µ
∂η1us,i‖+ ‖R1−µ

∂η1us,3‖

)

(µ 6 ν) 6 h

(
2∑
i=1

‖R1−νθ1−µ
∂η1us,i‖+ ‖R1−ν

∂η1us,3‖

)



h1‖∂η1us‖ = h1

3∑
i=1

‖∂η1us,i‖

6 h

3∑
i=1

‖r1−µ
∂η1us,i‖

6 h

(
2∑
i=1

‖R1−µθ1−µ
∂η1us,i‖+ ‖R1−µ

∂η1us,3‖

)

(µ 6 ν) 6 h

(
2∑
i=1

‖R1−νθ1−µ
∂η1us,i‖+ ‖R1−ν

∂η1us,3‖

)



h1‖∂η1us‖ 6 h

(
2∑
i=1

‖Rβθδ∂η1us,i‖+ ‖Rβ∂η1us,3‖

)

6 h

(
2∑
i=1

‖us,i‖β,δ + ‖us,3‖β,0

)

. h ‖f‖L2(Ω).



h1‖∂η1us‖ 6 h

(
2∑
i=1

‖Rβθδ∂η1us,i‖+ ‖Rβ∂η1us,3‖

)

6 h

(
2∑
i=1

‖us,i‖β,δ + ‖us,3‖β,0

)

. h ‖f‖L2(Ω).



h1‖∂η1us‖ 6 h

(
2∑
i=1

‖Rβθδ∂η1us,i‖+ ‖Rβ∂η1us,3‖

)

6 h

(
2∑
i=1

‖us,i‖β,δ + ‖us,3‖β,0

)

. h ‖f‖L2(Ω).



Conclusión

‖us − πus‖0,K .
∑
i

ki‖∂ηius‖0,K + hK‖divus‖0,K

‖u− uh‖L2(Ω)3 6 C h ‖f‖L2(Ω)

‖p− ph‖L2(Ω) 6 C h ‖f‖L2(Ω).


