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Introduction

In this Lecture we are interested in studying quantitative features
for reaction-diffusion models as follows

F(x, Du, D2u) = λ0(x)f (u) in Ω,

where

X F : Ω×Rn
∗ × Sym(n)→ R is a fully nonlinear operator of

degenerate/singular type;

X f : R+ → R+ is a non-decreasing (non-Lipschitz function at
origin) with f (0) = 0;

X λ0 : Ω→ R+ is a bounded function away from zero and infinity
(Thiele modulus).
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Introduction

Particularly, we are interested in problems coming from chemical
catalysis theory or enzymatic processes where the existence of
Dead-cores, i.e., regions where the density of certain substance
vanishes identically plays an important role in the chemical-physical
(mathematical) formulation of such problems.

A standard model, known in the Literature as problems with strong
absorption is given by

F
(
x, Du, D2u

)
= λ0(x).u

µ
+(x) in Ω, (1.1)

where 0 ≤ µ < γ + 1 is the absorption factor.
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Second order fully nonlinear operators

We shall require that F : Ω×Rn
∗ × Sym(n)→ R fulfils

1 (γ-ellipticity condition) For γ > −1 there exist Λ ≥ λ > 0 s.t.

|−→p |γP−λ,Λ(P) ≤ F(x,−→p , M + P)− F(x,−→p , M) ≤ |−→p |γP+
λ,Λ(P)

2 ((γ, 1)-Homogeneity condition) For all s ∈ R∗, t ≥ 0

F
(
x, s−→p , rM

)
= |s|γrF

(
x,−→p , M

)
.

3 (Continuity condition) There exists ω1 : R+ → R+ such that

|F
(
x,−→p , M

)
− F

(
y,−→p , M

)
| ≤ ω1 (|x− y|) |−→p |γ‖M‖.
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Examples of fully nonlinear operators

X F[u] = |Du|γ(P±λ,Λ

(
D2u

)
± b(x).Du) with γ > −1 and b a

smooth function.

X F[u] = |Du|γ
(

p1tr
(
D2u

)
+ p2

〈
D2u Du

|Du| ,
Du
|Du|

〉)
with p1 > 0 and

p1 + p2 > 0.

X F[u] = |Du|p−2
[
tr
(
B1(x)D2u

)
+ C0

〈
D2uB2(x) Du

|Du| ,B2(x) Du
|Du|

〉]
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Viscosity solutions

Notice that we need an appropriate notion of “weak solution”.

Definition (Viscosity solutions)

u ∈ C0(Ω) is a viscosity supersol. (resp. subsol.) to F[u] = g(x, u) if
for every x0 ∈ Ω we have the following:
Either ∀ φ ∈ C2

loc (Ω) such that u− φ has a local minimum at x0 and
|Dφ(x0)| 6= 0 holds

F
(
x0, Dφ(x0), D2φ(x0)

)
≤ g(x0, φ(x0)) (resp. ≥ g(x0, φ(x0)))

Or there exists B(x0, ε) where u = K and holds

g(x, K) ≥ 0 ∀ x ∈ B(x0, ε) (resp. g(x, K) ≤ 0)
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Historic overview about regularity theory
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Fully nonlinear setting

Let v be a bounded viscosity solution to

F(x, Dv, D2v) = f (x) in B1

Then,

[Caffarelli-Swiech and Trudinger] C1,α local regularity.

[Nadirashvile-Vladut] “Impossibility” of C2 or C1,1 local regularity.

[Evans and Krylov] C2,α local regularity (Under convexity on F).

[Dávila et al and Imbert] Harnack inequality (resp. C0,α regularity).

[Berindelli-Demengel and Imbert-Silvestre] C1,α local regularity.
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A “fine” family and its invariance scaling properties

Definition

For a fully nonlinear operator F fulfilling (F1)-(F3) we say that
u ∈ J(F, λ0, µ)(B1) if

X F(x, Du, D2u) = λ0(x)u
µ
+(x)� 1 in B1 for 0 ≤ µ < γ + 1.

X 0 ≤ u ≤ 1 and 0 < m ≤ λ0 ≤M in B1.

X u(0) = 0.
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Doubling property

We shall adopt the following notation

S(r,x0)[u] := sup
Br(x0)

u(x),

Moreover, we will omit the center of the ball when x0 = 0.

Definition

We define for u ∈ J(F, λ0, µ)(B1) the following set

Vγ,µ[u] :=
{

j ∈N∪ {0}; S 1
2j
[u] ≤ A(n, γ, µ).S 1

2j+1
[u]
}

,

which delineates the sharp geometric decay at free boundary points for
dead-core solutions in certain dyadic levels.
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Growth rate for dead core solutions

Next result assures that all function in J(F, λ0, µ)(B1) fulfilling the
doubling property Vγ,µ[u] has a sharp geometric decay at free boundary
points.

Lemma

There exists a positive constant C0 = C0(n, λ, Λ, γ, µ,M) such that

S 1
2j+1

[u] ≤ C0.
(

1
2j

) γ+2
γ+1−µ

(2.1)

for all u ∈ J(F, λ0, µ)(B1) and j ∈ Vγ,µ[u].
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Growth rate for dead core solutions

Proof: Suppose that the thesis of Lemma fails to hold. Then, for each
k ∈N we might find uk ∈ J(F, λk

0, µ)(B1) and jk ∈ Vγ,µ[uk] such that

S 1
2jk+1

[uk] ≥ max

{
k.
(

1
2jk

) γ+2
γ+1−µ

,A−1S 1
2jk
[u]

}
. (2.2)

Now, define the auxiliary function

vk(x) :=
uk

(
1

2jk
x
)

S 1
2jk+1

[uk]
in B1.
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Growth rate for dead core solutions

Hence, vk fulfils

X 0 ≤ vk(x) ≤
S 1

2jk
[uk]

S 1
2jk+1

[uk]
≤ A in B1 and vk(0) = 0.

X S 1
2
[vk] = 1

X Fk
(
x, Dvk, D2vk

)
= λ̂k

0(x)(vk)
µ
+(x) in B1 in the viscosity sense,
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Growth rate for dead core solutions

where

Fk(x,−→p , M) := F
(

1
2jk

x,−→p , M
)

and

λ̂k
0(x) :=

1
2(γ+2)jk

1

Sγ+1−µ
1

2jk+1
[uk]

λk
0

(
1

2jk
x
)

Therefore,∥∥∥λ̂k
0(x)(vk)

µ
+(x)

∥∥∥
L∞(B1)

≤ Aµ.M.
(

1
k

)γ+1−µ

→ 0 as k→ ∞.
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Growth rate for dead core solutions

The previous sentences together with standard compactness
arguments for fully nonlinear elliptic equations imply that, up to a
subsequence, vk → v local uniformly in B 3

4
and Fk → F0.

Furthermore,

by stability results we have that:

X F0(Dv, D2v) = 0 in B 3
4
.

X 0 ≤ v ≤ A in B1 and v(0) = 0.

X S 1
2
[v] = 1.

According to Strong Minimum Principle (or Harnack inequality) we
have that v ≡ 0 in B 3

4
, which clearly yields a contradiction.
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Growth rate for dead core solutions

The previous result yields an estimate for all level 0 < r� 1

Theorem

There exists a positive constant C = C(n, λ, Λ, γ, µ,M) such that for
all u ∈ J(F, λ0, µ)(B1)

u(x) ≤ C.|x|
γ+2

γ+1−µ ∀ x ∈ B 1
2

(2.3)
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Growth rate for dead core solutions

Proof: We claim that

S 1
2j
[u] ≤ C0.

(
1

2j−1

) γ+2
γ+1−µ

∀ j ∈N, (2.4)

WLOG suppose C0 ≥ 1, then (2.4) holds for j = 0.

Suppose now that (2.4) holds for some j ∈N and let us verify the
(j + 1)th step of induction.

In fact, if j ∈ Vγ,µ[u] then the result holds directly by Lemma 3.
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Growth rate for dead core solutions

On the other hand, if j /∈ Vγ,µ[u], then using the induction hypothesis

S 1
2j+1

[u] ≤
(

1
2

) γ+2
γ+1−µ

.S 1
2j
[u] ≤ C0.

(
1
2

) γ+2
γ+1−µ

(
1

2j−1

) γ+2
γ+1−µ

= C1.
(

1
2j

) γ+2
γ+1−µ

Therefore, (2.4) holds for all j ∈N.

Finally, for r ∈ (0, 1) let j ∈N the greatest integer such that
1

2j+1 ≤ r < 1
2j . Then,

Sr[u] ≤ S 1
2j
[u] ≤ C0.

(
1

2j−1

) γ+2
γ+1−µ ≤ C(n, λ, Λ, γ, µ,M).r

γ+2
γ+1−µ
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Growth rate for dead core solutions

By using Theorem 4 we can prove a similar growth rate for the
gradient of functions u ∈ J(F, λ0, µ)(B1).

Lemma

There exists a positive constant C1 = C1(n, λ, Λ, γ, µ,M) such that for
all u ∈ J(F, λ0, µ)(B1)

|Du(x)| ≤ C1.|x|
1+µ

γ+1−µ ∀ x ∈ B 1
2
,
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Non-degeneracy and its consequences

The next result gives precisely the growth rate at which
non-negative viscosity solutions leave their dead core sets.

Theorem (Non-degeneracy)

Let u be a nonnegative, bounded viscosity solution to (1.1) in B1 and
let x0 ∈ {u > 0} ∩ B 1

2
be a generic point in the closure of the

non-coincidence set. Then for any 0 < r < 1
2 , there holds

sup
Br(x0)

u(x) ≥ c0(n,m, γ, µ).r
2+γ

γ+1−µ . (3.1)
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Non-degeneracy and its consequences

Proof: Let us define the scaled functions

ur(x) :=
u(x0 + rx)

r
γ+2

γ+1−µ

.

Now, let us introduce the comparison function

Ψ(x) :=

[
m.

(γ + 1− µ)γ+2

n (µ + 1) (γ + 2)γ+1

] 1
γ+1−µ

|x− x0|
γ+2

γ+1−µ
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Non-degeneracy and its consequences

Straightforward calculus shows that

G(x, DΨ, D2Ψ)− λ̂0 (x) .Ψµ(x) ≤ G(x, Dur, D2ur)− λ̂0 (x) .(ur)
µ
+(x),

where

G(x,−→p , M) := F(x0 + rx,−→p , M) and λ̂0(x) := λ0(x0 + rx)
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Non-degeneracy and its consequences

Finally, if ur ≤ Ψ on the whole boundary of B1, then the Comparison
Principle would imply that

ur ≤ Ψ in B1,

which clearly contradicts the assumption that ur(0) > 0. Therefore,
there exists a point Y ∈ ∂B1 such that

ur(Y) > Ψ(Y) =

[
m.

(γ + 1− µ)γ+2

n (µ + 1) (γ + 2)γ+1

] 1
γ+1−µ

and scaling back we finish the proof of the Theorem.
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Non-degeneracy and its consequences

Corollary (Uniform positive density)

Let u be a nonnegative, bounded viscosity solution to (1.1) in B1 and
x0 ∈ ∂{u > 0} ∩ B 1

2
a free boundary point. Then for any 0 < ρ < 1

2 ,

Ln(Bρ(x0) ∩ {u > 0}) ≥ θ.ρn.

Corollary (Porosity of the free boundary)

There exists a constant 0 < ς = ς(n, λ, Λ, γ, µ) ≤ 1 such that

Hn−ς
(

∂{u > 0} ∩ B 1
2

)
< ∞.
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Global analysis results

Before continuing, we shall re-enunciate our Main Theorem, which
will be used in the proof of a Liouville type result.

Theorem (Improved regularity along free boundary)

Let u be a nonnegative and bounded viscosity solution to

F
(
x, Du, D2u

)
= λ0(x).u

µ
+(x) in Ω ⊂ Rn,

and consider x0 ∈ ∂{u > 0} \ ∂Ω a free boundary point. Then for

r0 := min
{

1
2 , dist(x0,∂Ω)

2

}
and any x ∈ Br0(x0) ∩ {u > 0} there holds

u(x) ≤ C(n, λ, Λ, γ, µ, ‖λ0‖L∞(Ω), dist(x0, ∂Ω)).‖u‖L∞(Ω).|x− x0|
γ+2

γ+1−µ .
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Liouville type results

Theorem (Liouville type theorem I)

Let u ∈ C0 (Rn) be a viscosity solution to (1.1) such that u(0) = 0.

If

lim sup
|x|→∞

u(x)

|x|
γ+2

γ+1−µ

= 0, then u ≡ 0.
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Liouville type results

Proof: Let (rj)j∈N such that rj → ∞ as j→ ∞.

Define

urj(x) :=
u(rjx)

r
γ+2

γ+1−µ

j

.

Thus,

F
(

rjx, Durj , D2urj

)
= λ0(rjx).u

µ
+(rjx) in B1 and urj(0) = 0.

We claim that
‖urj‖L∞(B1) = o (1).

Consider for each j ∈N, xj ∈ B1 such that urj(xj) = sup
B1

urj(x),
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Dead core type problems

we must analyse two possibilities:

1 If lim
j→∞
|rjxj| = ∞, then by our assumptions, we have

urj(xj) ≤
u(rjxj)

|rjxj|
γ+2

γ+1−µ

→ 0, as j→ ∞.

2 Otherwise, if (rjxj)j∈N remains bounded, we obtain the same
previous conclusion for urj(xj), since u is a continuous function.

By applying Theorem 1 we get

urj(x) ≤ o (1) · |x|
γ+2

γ+1−µ in B r0
2

, r0 � 1. (4.1)
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Dead core type problems

Suppose that there exists a z0 ∈ Rn \ {0} such that u(z0) > 0.

Due to
(4.1) we get for rj � 1,

sup
B r0

2

urj(x)

|x|
γ+2

γ+1−µ

≤ u(z0)

7|z0|
γ+2

γ+1−µ

,

Finally, for rj � 2
r0
|z0|, we obtain
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Dead core type problems

u(z0)

|z0|
γ+2

γ+1−µ

≤ sup
B|z0 |

u(x)

|x|
γ+2

γ+1−µ

≤ sup
B r0rj

2

u(x)

|x|
γ+2

γ+1−µ

≤ sup
B r0

2

urj(x)

|x|
γ+2

γ+1−µ

≤ u(z0)

7|z0|
γ+2

γ+1−µ

.

This contradiction proves that sup
Rn

u(x) = 0.
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Liouville type results

Next, we shall study the following boundary value problem{
F(x, Du, D2u) = λ0.uµ

+(x) in Br(x0)
u(x) = θ on ∂Br(x0),

(4.2)

where λ0 and θ are strictly positive constants.

Moreover, we assume
the following property on F:

(F4) [Invariance under rotations] F is an Hessian operator, this is,

F
(
Ox, Ot−→p , OtMO

)
= F

(
x,−→p , M

)
for any (x,−→p , M) ∈ Rn × (Rn/{0})× Sym(n) and O ∈ O(n)
(matrix orthogonal group).
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Liouville type results

By uniqueness of the Dirichlet boundary problem and invariance
under O(n) of F viscosity solutions to such a boundary value problem
are radially symmetric.

Now, let us treat the corresponding one-dimensional ODE to (4.2)
|v′(t)|γ.v′′(t) = λ0.vµ in (0, T)

v(0) = 0
v(T) = θ

(4.3)
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Liouville type results
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Straightforward calculation shows that v(t) = Θ(λ0, γ, µ).t
γ+2

γ+1−µ is a
solution to (4.3), where

Θ(λ0, γ, µ) :=
(

λ0 ·
(γ + 1− µ)γ+2

(γ + 2)γ+1(γ + 1)

) 1
γ+1−µ

and

T :=
(

θ

Θ(λ0, γ, µ)

) γ+1−µ
γ+2

.
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Liouville type results

Now, fix x0 ∈ Rn and 0 < r0 < R0. Let us assume the compatibility
condition for dead-core problem, namely R0 > T.

For r0 = R0 − T the
radially symmetric function given by

v(x) := Θ(λ0, γ, µ)

|x− x0| − R0 +

(
θ

Θ(λ0, γ, µ)

) γ+1−µ
γ+2


γ+2

γ+1−µ

+

fulfils (4.2) in the viscosity sense.
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Liouville type results

Finally, let u be a viscosity solution to

F(x, Du, D2u) = λ0.uµ
+(x), in Ω ⊂ Rn,

and x0 ∈ Ω an interior point.

If for some 0 < s < dist(x0, ∂Ω) , we
have

sup
Bs(x0)

u < Θ(λ0, γ, µ).s
γ+2

γ+1−µ ,

then x0 must be a plateau point.
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Liouville type results

Theorem (Liouville type theorem II)

Let u be a viscosity solution to

F
(
x, Du, D2u

)
= λ0uµ

+(x) in Rn. (4.4)

Then u ≡ 0 provided

lim sup
|x|→∞

u(x)

|x|
γ+2

γ+1−µ

< Θ(λ0, γ, µ). (4.5)

João V́ıtor da Silva Fully nonlinear elliptic equations of degenerate/singular type with strong absorption condition



Introduction
Improved regularity estimates at free boundary points

Further geometric and measure properties
Global analysis results

References

Liouville type results

For R0 > 0 fixed consider ω : BR0(0)→ R the unique viscosity solution
to  F

(
x, Dω, D2ω

)
= λ0ω

µ
+(x) in BR0(0)

ω(x) = sup
∂BR0 (0)

u(x) on ∂BR0(0).

By Comparison Principle u ≤ ω in BR0(0).

Moreover, by hypothesis
(4.5)

1

R
γ+2

γ+1−µ

0

. sup
∂BR0 (0)

u(x) ≤ SR0 [u]

R
γ+2

γ+1−µ

0

≤ σR0 ·Θ(λ0, γ, µ) (4.6)
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0

. sup
∂BR0 (0)

u(x) ≤ SR0 [u]

R
γ+2

γ+1−µ

0

≤ σR0 ·Θ(λ0, γ, µ) (4.6)
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Liouville type results

ω(x) = Θ(λ0, γ, µ)

|x| − R0 +


sup

∂BR0 (0)
u(x)

Θ(λ0, γ, µ)


γ+1−µ

γ+2


γ+2
γ+1−µ

+

(4.7)

Therefore, due to sentences (4.6) and (4.7) we can conclude that

u(x) ≤ Θ(λ0, γ, µ)

(
|x| −

(
1− σ

γ+1−µ
γ+2

R0

)
R0

) γ+2
γ+1−µ

+

→ 0 as R0 → ∞.
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Some extensions and final comments

1 Fully nonlinear uniformly elliptic operators.

[Teixeira, Eduardo] Regularity for the fully nonlinear dead-core
problem. Math. Ann. 364 (2016), no. 3-4, 1121-1134.

2 Infinity-Laplacian operator.

[ Araújo, D. ,Leitão, R. and Teixeira, E.] Infinity Laplacian equation with strong
absorptions. J. Funct. Anal. 270 (2016), pp. 2249-2267.

3 Parabolic counterpart:

X p-Laplacian type operators;
X Fully nonlinear (uniformly parabolic) operators.
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Thank you very much!
Come to know our work in the U.B.A.’s

Mathematics Department!

João V́ıtor da Silva Fully nonlinear elliptic equations of degenerate/singular type with strong absorption condition


	Introduction
	Improved regularity estimates at free boundary points
	Further geometric and measure properties
	Global analysis results
	References

