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Introduction

Logic is the study of correct reasoning.
There are many different forms of correct reasoning.
Hence, there are many logics (logical pluralism).

Algebraic logic studies propositional logics by means of their
algebraic and matricial semantics.

Abstract algebraic logic (AAL) has developed a general and abstract
theory of the relation between logics and their algebraic (matricial)
semantics.

@ AAL describes the role of connectives in (non-)classical logics.
@ Protoalgebraic logics and their subclasses are based on a general

notion of equivalence.

Implication has a crucial role in reasoning (entailment, consequence,
preservation of truth,...)

We will now present an AAL theory based on implication.
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Two examples of non-classical logics
[0, 1]g.: the standard MV-matrix with domain [0, 1], filter {1} and operations
x —y=min{l,1 -x+y}
x &y =max{0,x +y— 1}
x Vy =max{x, y}
-x=1-x
L: the logic axiomatized by modus ponens and 4 (5) Lukasiewicz axioms

Fact: the equivalence I' k-, ¢ iff I' 510,13, ¢ holds for finite I's only
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Two examples of non-classical logics
[0, 1]g.: the standard MV-matrix with domain [0, 1], filter {1} and operations

x —y=min{l,1 -x+y}

x &y =max{0,x +y— 1}

x V'y =max{x, y}

-x=1-x

L: the logic axiomatized by modus ponens and 4 (5) Lukasiewicz axioms
Fact: the equivalence I' k-, ¢ iff I' 510,13, ¢ holds for finite I's only

Theorem
Let t.., be the extension of L. by the rule

(Do > & .". &p|n=1}>e

ThenT vy @ iff I 013, @ holds for all T's.

v
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Outline

0 (In)finitary logics
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What is a logic?

Var: an infinite countable set of propositional variables
L: a countable type

Fm: the absolutely free L-algebra with generators Var
elements of Fm are called £-formulas

A logic L is a relation between sets of L-formulas and £L-formulas s.t.:
we write T rp, ¢ instead of I, p) € L’

@ Ifpel, thenT r ¢. (Reflexivity)
@ IfI'+L pand ' C A, then A+ . (Monotonicity)
@ IfArL I'and I F ¢, then A 1, . (Cut)
@ IfI' rp ¢, then o[I'] +L o(p) for each substitution o (Structurality)

A logic Lis finitary if ' - ¢, then there is afinite " CT's.t. [V L @
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Axiomatization

Axiomatic system AS: set of axioms and rules closed under substitutions

Proof of ¢ from I' in AS: a well-founded tree labeled by formulas s.t.

@ its root is labeled by ¢ and leaves by axioms or elements of I" and

@ if a node is labeled by ¥ and A # 0 is the set of labels of its preceding
nodes, then A >  is a rule.

AS is a presentation of L whenever I 1 ¢ iff there is a proof of ¢

from " in AS.
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Axiomatization

Axiomatic system AS: set of axioms and rules closed under substitutions

Proof of ¢ from I' in AS: a well-founded tree labeled by formulas s.t.

@ its root is labeled by ¢ and leaves by axioms or elements of I" and

@ if a node is labeled by ¥ and A # 0 is the set of labels of its preceding
nodes, then A >  is a rule.

AS is a presentation of L whenever I 1 ¢ iff there is a proof of ¢
from I in AS.

Fact: Each (finitary) logic has a (countable) presentation
L is countably axiomatizable if it has a countable presentation

L. is countably axiomatizable but not finitary
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Logical matrices and semantical consequence

L-matrix: a pair A = (A, F) where
@ A is an L-algebra and
@ F C A called the filter of A

Definition (Semantical consequence)

A formula ¢ is a semantical consequence of a set I of formulas w.r.t. a
class K of £-matrices, I' Ex ¢ in symbols, if

for each (A, F) € K and each A-evaluation ¢, we have:
e(p) € F whenever ¢['] C F.
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Filters, theories, models of a logic

Let L be a logic in £ and A an L-algebra

AsetT C Fmg is a theory if Aset F C Ais afilter if
for each ¢ € Fm s we have for each I' U {¢} € Fm s we have
TrLeimpliespeT 'ty @ implies I E@ ry @
we write T € Th(L) we write F € Fi . (A)
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Filters, theories, models of a logic

Let L be a logic in £ and A an L-algebra

AsetT C Fmg is a theory if Aset F C Ais afilter if

for each ¢ € Fm s we have for each I' U {¢} € Fm s we have
TrLeimpliespeT 'ty @ implies I E@ ry @

we write T € Th(L) we write F € Fi . (A)

Fact 1: FiL(A) is a closure system
Fact 2: Fip (Fm ) = Th(L)
L-matrix: a matrix (4, F), where F € Fi (A) MOD(L)

1st completeness theorem: I' ki ¢ iff I' Evop) ¢
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Leibniz congruence and reduced models

A congruence 6 of A is logical in a matrix (A, F) if for each a, b € A:
ifae Fand{a,b)€6,thenb e F.
Definition

Let A = (A, F) be an L-matrix. By Q4 (F) we denote the largest logical
congruence on A and we call it Leibniz congruence of A.

Definition
A matrix (A, F) is reduced, if Q4 (F) = Idy.

For a logic L, by MOD*(L) we denote the class of reduced L-matrices.
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ifae Fand{a,b)€6,thenb e F.
Definition

Let A = (A, F) be an L-matrix. By Q4 (F) we denote the largest logical
congruence on A and we call it Leibniz congruence of A.

Definition
A matrix (A, F) is reduced, if Q4 (F) = Idy.

For a logic L, by MOD*(L) we denote the class of reduced L-matrices.

2nd completeness theorem: I' . ¢ iff I' Eyviop ) ¢
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Bases and N-prime elements in closure systems
Let C be a closure system over A.

X e Cis Nn-prime if foreach Y,Z C C:
fX=YNnZthenX=YorX="Z.
X € C is completely N-prime if for each set VY C C:

if X =Nyey Y, then X = Y forsome Y € Y.
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Bases and N-prime elements in closure systems
Let C be a closure system over A.
X e Cis Nn-prime if foreach Y,Z C C:
fX=YNnZthenX=YorX="Z7.
X € C is completely N-prime if for each set VY C C:
if X =Nyey Y, then X = Y forsome Y € Y.

BCCisabasisof CifforeveryY eCandac A\ YthereisZe B
suchthatY CZanda ¢ Z.

Lemma (Lindenbaum Lemma)
IfL is finitary, then completely N-prime theories form a basis of Th(L). J
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RSI and RFSI reduced models

A matrix A € K is (finitely) subdirectly irreducible relative to K, A € Kr)st

in symbols, if for every (finite non-empty) subdirect representation A with a
family {A; | i € I} C K there is i € I such that x; is an isomorphism.

Theorem
Given any logic L and A = (A, F) € MOD*(L), we have:

@ A € MOD*(L)gg; iff F is completely N-prime in Fip (A).
Q@ A € MOD*(L)ggs; iff F is N-prime in Fip (A).
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RSI and RFSI reduced models

A matrix A € K is (finitely) subdirectly irreducible relative to K, A € Kr)st
in symbols, if for every (finite non-empty) subdirect representation A with a
family {A; | i € I} C K there is i € I such that x; is an isomorphism.

Theorem
Given any logic L and A = (A, F) € MOD*(L), we have:

@ A € MOD*(L)gg; iff F is completely N-prime in Fip (A).
Q@ A € MOD*(L)ggs; iff F is N-prime in Fip (A).

3rd compl. theorem (for finitary logics): I' k. ¢ iff I' Eviop ks ¢
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Classes of infinitary logics

A logic L has the
@ CIPEP (completely N-prime extension property) if
completely N-prime theories form a basis of Th(L)

@ IPEP (n-prime ext. property) if N-prime theories form a basis of Th(L)
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Classes of infinitary logics

A logic L has the
@ CIPEP (completely N-prime extension property) if
completely N-prime theories form a basis of Th(L)

@ IPEP (n-prime ext. property) if N-prime theories form a basis of Th(L)

Alogic L is
@ RSI-complete if L = Fmobp* @)y
@ RFSI-complete if L = EMoD* (Lygps;

Finitary RFSI-complete

18

>
<F—
CIPEP bwad RSI-complete
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@ Disjunctions
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Definition and useful conventions

Let V(p,q, 7) be a set of formulas. We write

eV {0(e. 9, @) | 6(p, q,5) € Vand @ € Fm )

5V = (JeVelees,pe)
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Three kinds of disjunctions

A (parameterized) set of formulas V is (p-)protodisjunction if

PD) ¢reVy and YreVy

A (p-)protodisjunction V is a

@ weak (p-)disjunction if it satisfies:
wPCP o¢rLy and ¢ rLxy implies oV x

@ (p-)disjunction if it satisfies:
PCP T,prLy and T, yrLy implies I, oVt x

@ strong (p-)disjunction if it satisfies:
sPCP IXrLy and TI,II+p y implies T,ZVIIk x

Carles Noguera (UTIA CAS) Logic and Implication Congreso Dr. Antonio Monteiro
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The disjunctional hierarchy of logics

strongly disjunctive

SN

.. . strongly
disjunctive disjunctional
weakly disjunctional strongly
disjunctive / \ p-disjunctional
weakly disjunctional p- dlsjunctlonal

N/

weakly p-disjunctional
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Characterizations

Theorem

Let L be a logic with a presentation AS and V a p-protodisjunction s.t.

UVorLoVy eVt e

ThenV is a strong p-disjunction iff for each y and eachT > ¢ € AS:

I'VyrLeVy.

Carles Noguera (UTIA CAS) Logic and Implication Congreso Dr. Antonio Monteiro
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Characterizations

Theorem
Let L be a logic with a presentation AS and V a p-protodisjunction s.t.

YyVorLpVy eVorLe.
ThenV is a strong p-disjunction iff for each y and eachT > ¢ € AS:

I'VyrLeVy.

We can show that eVx, (g =>Y)Vx e Y Vy

Thus V is a (strong) disjunction in £. and so

o=@k (e VY) 2 (VYY) xkeo(eVy) = (@Vy)
(=@ Vyte ~(@Vy) = (@V)Y)

Then {(me > Vy|In=0tre, @Vy
Thus V is a strong disjunction in Lo
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Characterizations

V-prime filterin A: if g VAy C F,thenp e Fory € F
Theorem

Let L. be a logic with a p-protodisjunction V. TFAE:
@ L has the IPEP and (strong) V is a p-disjunction.
@ L has the IPEP and V-prime and N-prime theories coincide.
@ L has the PEP, i.e., V-prime filters form a basis of Th(L).

Carles Noguera (UTIA CAS) Logic and Implication Congreso Dr. Antonio Monteiro 18/36




Infinitary Lindenbaum Lemma

Theorem (Infinitary Lindenbaum Lemma)

Let L be a countably axiomatizable strongly disjunctional logic. Then L
has the ()PEP, i.e, N/V-prime theories form a basis of Th(L).
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Infinitary Lindenbaum Lemma

Theorem (Infinitary Lindenbaum Lemma)

Let L be a countably axiomatizable strongly disjunctional logic. Then L
has the ()PEP, i.e, N/V-prime theories form a basis of Th(L).

Thus L., has the IPEP
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© Implications
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What is an implication?

Let 7 be a sequence of atoms and =(p, ¢, 7) a set of formulas.

Given formulas ¢ and ¥, we set

o=y = {8p,¥,@) |6p,q,5) €=and @ € Fmy)}

Carles Noguera (UTIA CAS) Logic and Implication Congreso Dr. Antonio Monteiro 21/36



What is an implication?

Let 7 be a sequence of atoms and =(p, ¢, 7) a set of formulas.

Given formulas ¢ and i, we set

o=y = {8p,¥,@) |6p,q,5) €=and @ € Fmy)}

A set =(p,q,7) C Fmy is a weak p-implication in a logic L if:

(R) FLe = ¢

() =20y =>xrLe=x

MP) o=y Ly

(sCng) o =¢, Yy =>@rL X1y s @vsXn) = (X1s-- s Wi Xn)
foreach {c,n) € Land i < n.
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What is an implication?

Let 7 be a sequence of atoms and =(p, ¢, 7) a set of formulas.

Given formulas ¢ and i, we set

o=y = {8p,¥,@) |6p,q,5) €=and @ € Fmy)}

A set =(p,q,7) C Fmy is a weak p-implication in a logic L if:

(R) FLe = ¢

() =20y =>xrLe=x

MP) o=y Ly

(sCng) o =¢, Yy =>@rL X1y s @vsXn) = (X1s-- s Wi Xn)
foreach {c,n) € Land i < n.

— is a weak implication in £
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Implicational hierarchy

Rasiowa-implicative

regularly finitely
implicative Rasiowa-implicational
algebraically regularly finitely Rasiowa-implicational
implicative algebraizable /
order finitely regularly Rasiowa-p-implicational
implicative algebraizable algebraizable
) w?ak?_/ finitely order algebraizable regularly weakly _ regularly
implicative implicational / \ / algebraizable ~ p-implicational
finitely - finitely orderlmpllcatlonal weaKly algebraizable = 2/9€braically
weakly implicational equnvalentlal / \ / p-implicational

weakly implicational = equlvalentlal order p-implicational

N

weakly p-implicational = protoalgebraic
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Order in matrices and reduced matrices

Let = be a weak p-implication in L and A = (A, F) e MOD(L)
Fact 1: The relation a <37 b is a preorder:

a<y b iff a=bCF

Fact 2: A € MOD*(L) iff <" is an order

Definition: F and A are =-linear, A € MOD’;(L), if Sf is linear

Carles Noguera (UTIA CAS) Logic and Implication Congreso Dr. Antonio Monteiro 23/36



What is a semilinear implication?

Definition

Let L be a logic and = one of its weak p-implications.

We say that = is semilinear if

L= I:MODQ> L)

L is a semilinear logic if it has a semilinear implication.

Carles Noguera (UTIA CAS)

Logic and Implication

Congreso Dr. Antonio Monteiro
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A general characterization of semilinear logics

Theorem
Let L be a logic and = a weak p-implication. TFAE:
1. = is semilinear inL, i.e. L = Eyope 1)-
2. L has the LEP w.r.t. =, i.e. =-linear theories are a basis of Th(L).
3. L is RFSI-complete and any of the following conditions hold:
3a. L has the SLP w.r.t. =, i.e., foreachT" U {p,y, x} C Fmy:

Fe=>yrLy L¥=>erx
rl—L/\/

3b. L has the transferred SLP w.r.t. =,
3c. =-linear filters coincide with N-prime filters in each L-algebra,
3d. MOD*(L)ggs1 = MODL (L).

4. L has the IPEP and =-linear theories coincide with N-prime ones.
5. L is RSI-complete and MOD* (L)rs; € MODL, (L).
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... is semilinear

We can easily prove that: +y, (¢ = ) V (¥ — ¢)

We have shown that V is a disjunction in L

Thusfrom I, - Yy yand L,y - o ywegetlre x
We also know that L., has IPEP and so it is RFSI-complete

Thus L, is semilinear and MOD* (£, )rrst = MODY, (E...)

Carles Noguera (UTIA CAS) Logic and Implication Congreso Dr. Antonio Monteiro 26/36
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° Disjunctions and implications
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Interplay with disjunction

Proposition
Let L be a logic with a weak p-implication = and p-protodisjunction V.

@ If = enjoys the SLP, then it holds:
PY) L= VY = o).

@ [f V is a p-disjunction, then it holds:
MPT) o=y, oVytLy and o=y .y Vet y.

Carles Noguera (UTIA CAS) Logic and Implication Congreso Dr. Antonio Monteiro

28/36



Interplay with disjunction

Proposition
Let L be a logic with a weak p-implication = and p-protodisjunction V.

@ If = enjoys the SLP, then it holds:
PY) L= VY = o).

@ If V is a p-disjunction, then it holds:
MPT) o=y, oVytLy and o=y .y Vet y.

o If L satisfies (P7’), then each V-prime filter in A is =-linear.
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Interplay with disjunction

Proposition
Let L be a logic with a weak p-implication = and p-protodisjunction V.

@ If = enjoys the SLP, then it holds:
PY) L= VY = o).
@ If V is a p-disjunction, then it holds:

MPT) ¢=y,oVyrLy and o=y, y Ve y.

o If L satisfies (P7’), then each V-prime filter in A is =-linear.

e If L satisfies (MP3), then each =-linear filter in A is V-prime.

Carles Noguera (UTIA CAS) Logic and Implication Congreso Dr. Antonio Monteiro
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Disjunction-based characterization of semilinear logics

Theorem
Let L be a

logic with a weak p-implication = and
a p-protodisjunction V. TFAE:

1. L satisfies (MP§> ) and = is semilinear in L
2. L satisfies (P7’) and has the PEP w.r.t. V
3. L satisfies (PY), has the IPEP and V is p-disjunction in L.
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Disjunction-based characterization of semilinear logics

Theorem

Let L be a countably axiomatizable logic with a weak p-implication = and
a p-protodisjunction V. TFAE:

1. L satisfies (MP§> ) and = is semilinear in L

2. L satisfies (P7’) and has the PEP w.r.t. V

3. L satisfies (P7) and 'V is strong p-disjunction in L.
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Disjunction-based characterization of semilinear logics

Theorem

Let L be a countably axiomatizable logic with a weak p-implication = and
a p-protodisjunction V. TFAE:

L satisfies (MPJ) and = is semilinear in L

L satisfies (P7) and has the PEP w.r.t. V

L satisfies (P7) and V is strong p-disjunction in L
L has a countable presentation AS such that:

» W=

FL@=> VY= 9) YVorLeVy eVoorL e

and eachT > ¢ € AS:
I'VyrLeVy.
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Outline

@ Completeness properties
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Three kinds of K-completeness and the first theorem

Definition
Let L be a logic and K € MOD*(L). We say that L has the property of:
@ Strong K-completeness, SKC for short, when for every set of

formulas T U {¢}: T+ @ iff I' Ex ¢ i.e., L = Ex
@ Finite strong K-completeness, FSKC for short, when for every finite
set of formulas T U {p}: T . ¢ iff [ Fx ¢ i.e., FC(-.) = FC(exk)

@ K-completeness, KC for short, when for every formula ¢: r. ¢ iff Ex ¢
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Three kinds of K-completeness and the first theorem

Definition
Let L be a logic and K € MOD*(L). We say that L has the property of:
@ Strong K-completeness, SKC for short, when for every set of

formulas T'U {p}: [+ ¢ iff I Fx @ ie., b = Ex
@ Finite strong K-completeness, FSKC for short, when for every finite
setof formulas ' U {¢}: ' - @ iff I Ex @ i.e., FC(rp) = FC(Ex)

@ K-completeness, KC for short, when for every formula ¢: 1 ¢ iff Fr ¢

Example 1: L separates SKC and FSKC

Example 2: any non structurally complete logic separates FSKC and KC
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Class operators

Slogan: Matrices can be regarded as first-order structures

A homomorphism f: (A, F) — (B, G): a morphism of algebras s.t. f[F] C G

@ S(K): the class of all submatrices of elements of K

S*(K) = {{A, F)/Qa(F) | (A, F) € S(K)}

I(K): the class of all isomorphic images of elements of K
H(K): the class of all homomorphic images of elements of K
P(K): the class of all products of elements of K

Py(K): the class of all ultraproducts of elements of K

P, +(K): the class of reduced products of K using filters closed under
countable intersections
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General characterization

Theorem
Let L be a logic and K € MOD*(L). Then:

@ L has the FSKC if, and only if, MOD*(L) C IS*PPy(K).
@ L has the SKC if, and only if, MOD*(L) C IS*P,(K).

Corollary
Let L be a protoalgebraic logic and K € MOD*(L). Then:
@ L has the KC if, and only if, HMOD*(L)) = HS*P(K).

@ If L is finitary then it has a finite p-implication and has the FSKC if,
and only if, MOD*(L) = IS*PPy(K).

© L has the SKC if, and only if, MOD*(L) = IS*P,(K).
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Characterization using RFSI-matrices

Theorem
Let L be an RFSI-complete logic and K € MOD*(L). Then:

@ /f MOD*(L)rrsi € HSPy(K), then L has the KC.
Q@ If MOD*(L)rrs1 € IS*Py(K), then L has the FSKC.

If L is p-disjunctional or finitary protoalgebraic, then the reverse
implications also hold.
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Characterization using RFSI-matrices
Let us denote by K7 the class of countable elements of K

Theorem
Let L be an RSI-complete logic and K € MOD*(L). Then:

@ If MOD*(L)Z, < IS*(K), then L has the SKC

If L is protoalgebraic, then the reverse implication also holds.
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Characterization using RFSI-matrices

Let us denote by K7 the class of countable elements of K
Theorem

Let L be an RFSI-complete logic and K € MOD*(L). Then:

o If MOD*(L)%y, € IS*(K*), then L has the SKC

If L is finitary protoalgebraic logic with a lattice disjunction Vv, then the
reverse implication also holds.

A p-disjunction V = {p Vv g} is lattice disjunction in a protoalgebraic logic L
V) rLe=¢VYy

with a weak p-implication = if: (V2) rLyYy =@V Y
V3) o=y, y=>xrLeV¥=x
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Back to our motivating example

Theorem
L., has the S[0, 1];.C.

As L, has the IPEP, it is RFSI-complete and so we only need to show:

MOD™ (Lo )gps; € IS*([0, 11¢) = IS([0, 1]¢)

* 4
We know that MOD (Lm)gpSI =MODZ (L)”

Fact: If A € MODY, (L), then A is simple
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Back to our motivating example

Theorem
L., has the S[0, 1];.C.

As L, has the IPEP, it is RFSI-complete and so we only need to show:

MOD™ (Lo )gps; € IS*([0, 11¢) = IS([0, 1]¢)

We know that MOD* (Loo)gpg; = MODL, (Eoo)”
Fact: If A € MODY, (L), then A is simple

Proof of the fact: we know that if —x < x& .”. &x for each n, then x = 1

Take x < 1, then —x > x& .. &x forsome nand s0 0 = x & —x > x& "*! &x
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Back to our motivating example

Theorem
L., has the S[0, 1];.C.

As L, has the IPEP, it is RFSI-complete and so we only need to show:

MOD™ (Lo )gps; € IS*([0, 11¢) = IS([0, 1]¢)

We know that MOD* (Loo)gpg; = MODL, (Eoo)”
Fact: If A € MODY, (L), then A is simple

Algebraic fact: simple MV-chains are embeddable into [0, 1],
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