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Classical first-order logic and its completeness

CFOL: theory of quantification built over classical propositional logic
Formalized (in its present form) by Hilbert and Ackermann (1928)
FcroL its Hilbert axiomatization, =croL the semantical consequence

Its completeness proved by Gdodel (1929):

Theorem
For every set of first-order formulas I U {¢}:

I' kcroL ¢ if, and only if, T EcroL ¢
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Altering CFOL

Over the years CFOL has been altered in many ways:
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Altering CFOL

Over the years CFOL has been altered in many ways:
@ strengthened: higher-order, more expressive languages
@ reformulated: e.g. algebraizing using cylindric or polyadic algebras

@ weakened: changing the propositional part, e.g. to intuitionistic,
substructural, fuzzy
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Altering CFOL

Over the years CFOL has been altered in many ways:

@ strengthened: higher-order, more expressive languages
@ reformulated: e.g. algebraizing using cylindric or polyadic algebras

@ weakened: changing the propositional part, e.g. to intuitionistic,
substructural, fuzzy

@ and in arbitrary combinations of the above (and probably in
thousands of other ways | have never seen or even imagined)
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Two aims of this talk

Define: a (natural) first-order variant of arbitrary propositional logic
and prove a variant of Gédel completeness theorem

Demonstrate: the power and usefulness of the resulting theory
using example from formal fuzzy mathematics
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e Lattice-Valued Predicate Logics
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Four questions

@ What will be our formulas?
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Four questions

@ What will be our formulas?

©@ How to design their (general/intended) semantics?
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Four questions

@ What will be our formulas?
©@ How to design their (general/intended) semantics?

© Given a semantic, how to define its consequence relation?
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Four questions

@ What will be our formulas?
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© Given a semantic, how to define its consequence relation?

© And finally, how to axiomatize it?
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Four questions

@ What will be our formulas?
@ How to design their (general/intended) semantics?
© Given a semantic, how to define its consequence relation?

© And finally, how to axiomatize it?

Thus in particular obtaining the Gédel completeness theorem ...
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Four questions

@ What will be our formulas?

@ How to design their (general/intended) semantics?

© Given a semantic, how to define its consequence relation?
© And finally, how to axiomatize it?

Thus in particular obtaining the Gédel completeness theorem ...

The first part of the talk is based on the paper:

PC, C. Noguera: A Henkin-style proof of completeness for
first-order algebraizable logics. J. of Symbolic Logic, 2015

but presented from the first principles and semantics-first
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What will be our formulas? (DC 1)

A language is a quadruple £ = (C,P, F, ar)
connectives, predicate and function symbols with their arities

And we build sets of £-terms Term and £-formulas Form as usual,
i.e., as the least sets such that:

@ object variables ObjVar are terms
o ift,...,t, € Term, F € F, ar(F) = n, then F(¢1,...,t,) € Term

o ifty,...,t, € Term, P € P, ar(P) = n, then P(¢,...,t,) € Form

@ ifyy,...,¢, € Form, c € C, ar(c) = n, then c(¢y,...,¢,) € Form
@ if ¢ € Form and x € ObjVar, then (Vx)¢ € Form and (dx)p € Form
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More on languages

There is a well-known difference between the role of connectives and
other syntactical objects.

Let us fix, for this talk, a set of connectives C and their arities

Thus we can speak about predicate languages £ = (P, F, ar)
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More on languages
There is a well-known difference between the role of connectives and
other syntactical objects.

Let us fix, for this talk, a set of connectives C and their arities

Thus we can speak about predicate languages £ = (P, F, ar)

We also consider a special language: the propositional one
L =(C,{p;|ieN},0,ar), wherear(p;) =0

Note that £ can be seen as an algebraic type
i.e., a classical predicate language (0, C, ar)
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How to design the semantics?

We follow the stream of research:
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How to design the semantics?

We follow the stream of research:

1961 Mostowski: interpretation of existential (resp. universal)
quantifiers as suprema (resp. infima)

1963 Rasiowa and Sikorski: first-order intuitionistic logic
1969 Horn: first-order Gédel-Dummett logic
1974 Rasiowa: first-order implicative logics

1992 Takeuti, Titani: first-order G6del-Dummett logic with
additional connectives

1998 Hajek: first-order axiomatic extensions of HL
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Ordered algebra based semantics (DC 2,3)

We want our semantics to assign some ‘grades’ from a set G to formulas:
[l-1]: Form —» G
Let us also fix the ‘interpretation’ of connectives, i.e., operations
®:G"> G foreachn-aryceC

Then we simply set (DC 2)

lleer, ..ol = Cdliilh .. llgal)

The classical structure G = (G, (c®).cc) is then an algebra of type £

Petr Cintula (ICS CAS) Lattice-Valued Predicate Logics Congreso Dr. Antonio Monteiro 11/39



Ordered algebra based semantics (DC 2,3)
We want our semantics to assign some ‘grades’ from a set G to formulas:
[l-1]: Form —» G
Let us also fix the ‘interpretation’ of connectives, i.e., operations
®:G"> G foreachn-aryceC

Then we simply set (DC 2)

lleer, ..ol = Cdliilh .. llgal)

The classical structure G = (G, (c®).cc) is then an algebra of type £

Finally, let us assume that G is partially ordered (DCY)
some grades are ‘better’ than others
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Generalized semantics (DC 3/, 4)

Consider a ‘normal’ predicate language: £ = (P, F, ar) DCH

Consider an algebra G of type £ with a partial order < DC2, DC3
G-structure Mt for P is tuple M = (M, {fan)ser » (Pan) pep) Where
(*] fsmI M- M

for each n-ary f € F
@ P M" - G

for each n-ary P € P
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Generalized semantics (DC 3/, 4)

Consider a ‘normal’ predicate language: £ = (P, F, ar) DCH
Consider an algebra G of type £ with a partial order < DC2, DC3

G-structure Mt for P is tuple M = (M, {fan)ser » (Pan) pep) Where
° fjn M" > M for each n-ary f € F
@ Py: M" - G foreach n-ary P € P

9t-evaluation v: a mapping v: ObjVar — M; extended to all terms/fle:

F IR = Sl o 7 forf e F
1P, .t = PadlnIRY - 112l forP e P
letprs @l = Cligillds - llally) force C
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Consider a ‘normal’ predicate language: £ = (P, F, ar) DCH

Consider an algebra G of type £ with a partial order < DC2, DC3

G-structure Mt for P is tuple M = (M, {fan)ser » (Pan) pep) Where
° fjn M" > M for each n-ary f € F
@ Py: M" - G foreach n-ary P € P

9t-evaluation v: a mapping v: ObjVar — M; extended to all terms/fle:

F IR = Sl o 7 forf e F

1P, .t = PadlnIRY - 112l forP e P

letprs @l = Cligillds - llally) force C
I(V0e@IR = info{lle@)Iy,,, | m €M} DC4
QeI = sup{lleIY,,, | m e M} DC4
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Generalized semantics (DC 3/, 4)

Consider a ‘normal’ predicate language: £ = (P, F, ar) DCH

Consider an algebra G of type £ with a lattice reduct DC2, DC3’

G-structure Nt for P is tuple M = (M, {fa)ser » (Pan) pep) Where
° fjn M" > M for each n-ary f € F
@ Py: M" - G foreach n-ary P € P

9t-evaluation v: a mapping v: ObjVar — M; extended to all terms/fle:

F IR = Sl o 7 forf e F

1P, .t = PadlnIRY - 112l forP e P

letprs @l = Cligillds - llally) force C
I(V0e@IR = info{lle@)Iy,,, | m €M} DC4
QeI = sup{lleIY,,, | m e M} DC4
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Example

Take the standard MV-algebra [0, 1] = ([0, 1], &, —, A, V, 0, 1) where
x &y =max{x+y—-1,0}

x Ay = min{x, y}

x —y=min{l —x+y, 1}

xVy=

max{x, y}

Consider a [0, 1] -structure with domain M = {1,..., 6} and binary
predicate P: ‘x likes y"

Narciss(R) =4¢ (Yx)Rxx
Sym(R) =4 (Yx,y)(Rxy — Ryx)
Trans(R) =qr (V¥x,y,2)(Rxy & Ryz — Rxz)
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Example

Take the standard MV-algebra [0, 1] = ([0, 1], &, —, A, V, 0, 1) where
x &y =max{x+y—-1,0}

x Ay = min{x, y}

x —y=min{l —x+y, 1}

x Vy = max{x, y}

Consider a [0, 1] -structure with domain M = {1,..., 6} and binary
predicates P: ‘x likes y’ and =: ‘x equals y’:

Py
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ELS(R) =¢r (Yx)(dy)(Rxy)
EILS(R) =4t (¥x)(Jy)(Ryx)
ELSE(R) =4t (¥x)(y)(x #y A Rxy)
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How to define the consequence? (DC5)

Definition ((Sentential) consequence relation)

Let G be an L-algebra with lattice reduct.
Let T U {¢} be a set of P-formulas.
Then ¢ is a semantical consequence of T w.rt. G, T ¢ o, if

each G-model of T is G-model of ¢
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How to define the consequence? (DC5)

Definition ((Sentential) consequence relation)

Let G be an L-algebra with lattice reduct.
Let T U {¢} be a set of P-formulas.
Then ¢ is a semantical consequence of T w.rt. G, T ¢ o, if

each G-model of T is G-model of ¢

Assume, from now on, that £ contains a nullary connective 1 DC5

Mt is a G-model of T if for each Mi-evaluation v:

@ ||’ is defined for each formula y and

am . =G

@ [l¢|" > 1" for each formula ¢ € T DC5
el ,

1 is the least ‘good’ grade
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How to define the consequence? (DC5)

Definition ((Sentential) consequence relation)

Let K be a class of L-algebras with lattice reduct.
Let T U {¢} be a set of P-formulas.
Then ¢ is a semantical consequence of T w.rt. K, T Ex o, if

for each G € K, each G-model of T is G-model of ¢

Assume, from now on, that £ contains a nullary connective 1 DC5

Mt is a G-model of T if for each Mi-evaluation v:

@ ||’ is defined for each formula y and

am . =G

@ [l¢|" > 1" for each formula ¢ € T DC5
-G, ,

1 is the least ‘good’ grade
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Examples

K logic
{2} classical FOL
complete) Boolean algebras classical FOL

( )

(complete) Heyting algebras
(complete) SI Heyting algebras
(complete) Heyting chains
Godel algebras

(complete) FL.y-algebras
MV-algebras

intuitionistic FOL

intuitionistic FOL + CD

int. FOL + (¢ = ¥) V (¥ — ¢) + CD
int. FOL + (¢ = ¢¥) V (¥ — ¢)
affine FOL (w/o expon.)
tukasiewicz FOL

@ Sl Heyting algebras = Heyting algebras with a coatom

@ CD: Yx)(x V) = x vV (¥x)p

(x not free in y)

@ Godel algebras = variety generated by Heyting chains

@ MV-algebras = variety generated by [0, 1]
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How the propositional logics look like?
Recall propositional language £ = (C, {p; | i € N}, 0, ar), ar(p;) = 0

Then Ex is a structural consequence relation a la Tarski
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How the propositional logics look like?
Recall propositional language £ = (C, {p; | i € N}, 0, ar), ar(p;) = 0

Then Ex is a structural consequence relation a la Tarski, i.e.,

@ IfpeT,thenT Ex ¢ (Reflexivity)
@ IfSEgyforeachy e Tand T Ex ¢, then S Ex ¢ (Cut)
@ If T Ex ¢, then o[T] Ex o(¢) for all substitutions o (Structurality)

where substitution is any mapping from {p; | i € N} to Form
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How the propositional logics look like?
Recall propositional language £ = (C, {p; | i € N}, 0, ar), ar(p;) = 0

Then kg is a structural consequence relation a la Tarski, i.e.,

@ IfpeT,thenT Ex ¢ (Reflexivity)
@ IfSEgyforeachy e Tand T Ex ¢, then S Ex ¢ (Cut)
@ If T Ex ¢, then o[T] Ex o(¢) for all substitutions o (Structurality)

where substitution is any mapping from {p; | i € N} to Form

But Ex need not be finitary, i.e., we do not have
T + ¢ implies T’ + ¢ for some finite 7" C T

This is the case e.g. for K = {[0, 1]¢}.
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We want propositional logics to be a bit ‘better’ (DC6)

Assume, from now on, that there is a binary operation — in £ st: DC6

x—>Gy2TG iff x<y for each G
y is ‘better’ than x IFF x =€ y is ‘good’

Then Ex is algebraically implicative a la C and Noguera
and, if finitary, algebraizable logic a la Blok and Pigozzi
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We want propositional logics to be a bit ‘better’ (DC6)

Assume, from now on, that there is a binary operation — in £ st: DC6

x—>Gy2TG iff x<y for each G
y is ‘better’ than x IFF x =€ y is ‘good’

Then Ex is algebraically implicative a la C and Noguera
and, if finitary, algebraizable logic a la Blok and Pigozzi,
i.e., we will always have:

Fry oo Lo YExYy oYUYo xEFre X
A=Y I1-¢kEre

Fko Ay = ¢ FreAYy >y x—oox >y Fexy 2 ¢AY

Fceo—=eVy Fx¢y—-eVy ¢oxyoxFeeVy—ox

and for each n-ary ¢ € C, formulas ¢, ¥, x1,...,xs, and each i < n:

= = oER CXs X P X)) © XX W X))
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How to axiomatize Ex?

Lets us first restrict to propositional languages
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How to axiomatize Ex?

Lets us first restrict to propositional languages

A quasivariety is a class of algebras axiomatized by quasiidentities
formulas of the form (A<, @i % Bi) = ¢ ~ ¢

By Q(K) we denote the quasivariety generated by K i.e.,
the smallest class of algebras satisfying all quasiidentites valid in K

Theorem (For propositional logic only)
t:K is ﬁnitary iff |:K = IZQ(K)- }
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How to axiomatize Ex?

Lets us first restrict to propositional languages

A quasivariety is a class of algebras axiomatized by quasiidentities
formulas of the form (A, @i = Bi)) = ¢ = ¢

By Q(K) we denote the quasivariety generated by K i.e.,
the smallest class of algebras satisfying all quasiidentites valid in K

Theorem (For propositional logic only)
t:K is ﬁnitary iff |:K = IZQ(K)- J

If =k is finitary logic, than
@ Q(K) is its equivalent algebraic semantics
@ Ex is axiomatized ‘using’ the quasiidentities axiomatizing Q(K)
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1st axiomatizability result

Theorem (PC, C. Noguera. JSL 2015)

Let K be a quasivariety of L-algebras satisfying DC3’, DC4, DC5
and AX an arbitrary axiomatization of the propositional logic of K.
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1st axiomatizability result

Theorem (PC, C. Noguera. JSL 2015)

Let K be a quasivariety of L-algebras satisfying DC3’, DC4, DC5
and AX an arbitrary axiomatization of the propositional logic of K.
Then the following are equivalent:
@ Tkxo
@ there is a proof of ¢ from T in the axiomatic system:
(P) first-order substitutions of axioms and rules of AX

VD) F (Y0, 2) = ¢(t,2) t substitutable for x in ¢
A F e, = Ax)ex,2) t substitutable for x in ¢
M2) x> erx - (Y0)p x not free in y
(F2) oo xtF@)p o x x not free in y
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1st axiomatizability result

Theorem (PC, C. Noguera. JSL 2015)

Let L be a finitary algebraically implicative logic with axiomatization AX
such that its equivalent algebraic semantics K satisfies DC3’, DC4, DC5.
Then the following are equivalent:
@ Tkxo
@ there is a proof of ¢ from T in the axiomatic system:
(P) first-order substitutions of axioms and rules of AX

VD) F (Y0, 2) = ¢(t,2) t substitutable for x in ¢
A F e, = Ax)ex,2) t substitutable for x in ¢
M2) x> erx - (Y0)p x not free in y
(F2) oo xtF@)p o x x not free in y
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Why only for such big Ks?

Especially if we know that for finitary E=x and propositional languages:

Fr = Fox)
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Why only for such big Ks?

Especially if we know that for finitary E=x and propositional languages:

Fr = Fom
Consider K being the class of Heyting chains:
Then ¢ Vi Ex (Yx)@) Vi but ¢ Vi o) (YX)@) Vi

Other example: the set {¢ | 0.1}, ¢} is coNP-complete for
propositional languages but I1,-complete in general
while {¢ | Eq(qo.11,) ¢} is Zi-complete
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Why only for such big Ks?

Especially if we know that for finitary E=x and propositional languages:

Fr = Fox)

Consider K being the class of Heyting chains:

Then ¢ Vi i (VX)) Vi but o Vi o) (VX)) VY

Other example: the set {¢ | 0.1}, ¢} is coNP-complete for
propositional languages but I1,-complete in general
while {¢ | Eq(qo.11,) ¢} is Zi-complete
But at least we will have soundness:

Fk 2 Fox)y = *
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When can we axiomatize a logic based on ‘smaller’

class? (let us restrict to countable predicate languages)
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When can we axiomatize a logic based on ‘smaller’
class? (let us restrict to countable predicate languages)

Theorem

Let K be a class of L-algebras and for each countable A € Q(K) there is a
o-embedding of A into some B € K. Then

Fr = FQ)

This condition is not necessary, only sufficient.
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When can we axiomatize a logic based on ‘smaller’
class? (let us restrict to countable predicate languages)

Theorem

Let K be a class of L-algebras and for each countable A € Q(K) there is a
o-embedding of A into some B € K. Then

Fr = FQ)

This condition is not necessary, only sufficient.

A function f: A — B is a o-embedding if:
@ fis one-one
@ f(Aay,...,ay) = B(f(ar), ..., f(a,)) for each n-ary c € C
@ for each X C A, if inf.a X exists, then f(inf. X) = infos f[A].
@ for each X C A, if sup_s X exists, then f(sup_. X) = sup_s f[A].
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2nd axiomatizability result
Theorem (PC, C. Noguera. JSL 2015)

Let K’ be a quasivariety of L-algebras satisfying DC3’, DC4, DC5
such that K’ = Q(K), where K is the class of all chains in K’

and AX an arbitrary axiomatization of the propositional logic of K.

v
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2nd axiomatizability result
Theorem (PC, C. Noguera. JSL 2015)

Let K’ be a quasivariety of L-algebras satisfying DC3’, DC4, DC5

such that K’ = Q(K), where K is the class of all chains in K’

and AX an arbitrary axiomatization of the propositional logic of K.

Then the following are equivalent:
@ TEkxe
@ there is a proof of ¢ from T in the axiomatic system:

(P) first-order substitutions of axioms and rules of AX

VD F (Y0, 2) — ¢t,2) t substitutable for x in ¢
@D Fet,?) = A, 2) t substitutable for x in ¢
V2) x—o ety - (Vogp x not free in y
(F2) ¢—=xr@@vp —x x not free in y

~V2)Y (x— ) VUt (x— (¥x)p) VY xnotfreein y and y
3@2)Y (¢ —> ) VY (@) — x) VY xnotfreeiny and y
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2nd axiomatizability result
Theorem (PC, C. Noguera. JSL 2015)

Let L be a semilinear finitary alg. impl. logic with axiomatization AKX,
such that its equivalent algebraic semantics K’ satisfies DC3’, DC4, DC5
and let K be the class of its all chains in K’

Then the following are equivalent:
@ TEky
@ there is a proof of ¢ from T in the axiomatic system:
(P) first-order substitutions of axioms and rules of AX

VD F (Y0, 2) — ¢t,2) t substitutable for x in ¢
@D Fet,?) = A, 2) t substitutable for x in ¢
V2) x—o ety - (Vogp x not free in y
(F2) ¢—=xr@@vp —x x not free in y

~V2)Y (x— ) VUt (x— (¥x)p) VY xnotfreein y and y
3@2)Y (¢ —> ) VY (@) — x) VY xnotfreeiny and y

v
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When can we axiomatize a logic based on a ‘smaller’
class of chains? (let us restrict to countable predicate languages)

Theorem

Let K be a class of L-chains and for each countable chain A € Q(K) there
is a c-embedding of A into some B € K. Then

Fr = Fox)

Again, this condition is not necessary, only sufficient.
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A summary of this section

We have designed ‘lattice-valued predicate logics’ based on design
choices:

DC1

DC2
DC3

DC4

DC5

DC6

the syntax is almost classical; we only consider an arbitrary set £ of
propositional connectives

connectives have truth-functional interpretations

some grades are better than others and for each two grades there is
the best (worst) grade worse (better) than both of them AVeEL

quantifiers are interpreted using infima and suprema over the set of
instances of the formulas quantified

some grades are ‘good’; the logic/consequence is the transition of

‘goodness’; and there is the least ‘good’ grade leL
the order of grades and the set of good grades are mutually definable
using implication —eL

We have axiomatized, in some cases, the resulting logics
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A summary of this section

We have designed ‘lattice-valued predicate logics’ based on design
choices:

DC3 some grades are better than others
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Recall our example
Take the standard MV-algebra [0, 1] = ([0, 1], &, —, A, V, 0, 1) where
x &y =max{x+y—-1,0}

x Ay = min{x, y}

x —y=min{l —x+y, 1}

xVy=

max{x, y}

Consider a [0, 1] -structure with domain M = {1,..., 6} and binary
predicate P: ‘x likes y’:

Pyy

1

2

3

4

5

6

1

AN N AW

Refl(R) =4 (Vx)Rxx
Sym(R) =g (Y, y)(Rxy — Ryx)
Trans(R) =4¢ (Vx,y,2)(Rxy & Ryz — Rxz)

Petr Cintula (ICS CAS)

1.0
0.8
0.7
0.9
0.6
0.3

1.0
1.0
0.9
1.0
0.8
0.5

0.5
04
1.0
0.7
0.8
0.6

0.4
0.4
0.8
1.0
0.7
0.4

0.3
0.3
0.7
0.9
1.0
0.7

| Refi(P)|[™
I Sym(P)|™

0.0
0.0
04
0.6
0.7
1.0

1
0.4

| Trans(P)|™* = 1
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Recall our example
Take the standard MV-algebra [0, 1] = ([0, 1], &, —, A, V, 0, 1) where
x &y =max{x+y—-1,0} x —y=min{l —x+y, 1}
x Ay = min{x, y} x Vy = max{x, y}

Consider a [0, 1] -structure with domain M = {1,..., 6} and binary
predicate P: ‘x likes y’:

Py | 1 2 3 4 5 6
1 {1.00 1.00 0.56 0.40 0.30 0.00

2 (087 1.00 033 044 026 0.02

3 1067 092 093 0.87 0.70 0.39

4 1093 1.00 064 100 097 0.67

5 1052 079 0.82 0.71 1.00 0.59

6 |027 050 0.61 041 072 1.00
Refl(R) =4t (¥x)Rxx IRefl(P)|[™ = 0.93
Sym(R) =g (¥x,y)(Rxy — Ryx) | Sym(®P)|"" = 0.41

Trans(R) =q¢ (Vx,y,2)(Rxy & Ryz — Rxz) | Trans(P)|™ = 0.93
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What we want to study?

Fuzzy equivalence relation a.k.a. similarity
Refl(R) =4 (Yx)Rxx
Sym(R)  =¢t  (Yx,y)(Rxy — Ryx)
Trans(R) =g (Vx,y,2)(Rxy & Ryz — Rxz)
Sim(R) =4 Refl(R) & Sym(R) & Trans(R)

Petr Cintula (ICS CAS) Lattice-Valued Predicate Logics Congreso Dr. Antonio Monteiro 27/39



What we want to study?

Fuzzy equivalence relation a.k.a. similarity
Refl(R) =4 (Yx)Rxx
Sym(R)  =¢t  (Yx,y)(Rxy — Ryx)
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We need a unary connective A interpreted as Al =1 and ax =0forx < 1
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What we want to study?

Fuzzy equivalence relation a.k.a. similarity
Refl(R) =4r (VYx)Rxx
Sym(R)  =¢t  (Yx,y)(Rxy — Ryx)
Trans(R) =g (Vx,y,2)(Rxy & Ryz — Rxz)
Sim(R) =g Refl(R) & Sym(R) & Trans(R)

We need a unary connective A interpreted as Al =1 and ax =0forx < 1

Fuzzy partitions
Cover(A) =g
Disj(A)  =qt
Crisp(A) =qr
NormM(A) =4
Part(A) =4

VYx)(dA € A)a(x € A)

VA, Be A)(Ax)(x€e A& xeB) > ACB)
VA)AA € AV =(A € A))

(VA € A)(Ax)A(x € A)

Crisp(A) & NormM(A) & Cover(A) & Disj(A)

This part of the talk is based on: L. Béhounek, U. Bodenhofer, PC: Relations in

Petr Cintula (ICS CAS)

Fuzzy Class Theory. Fuzzy Sets and Systems, 2008
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Setting the stage—language

Consider three-sorted predicate language with sorts for
@ O objects
@ C classes of objects
@ (C classes of classes of objects

binary predicates
@eCOxCandecCc (CxC
@ =COx0Oand=cCxCand=cCxC

and terms:
@ (-,-): 0% = 0, we write Rxy for ‘(x,y) € X’
@ {x]| ¢} gives aclass and {X | ¢} € C a class of classes

We shall also use defined binary predicate:
@ ACB=4 (VYx)(x€eA > xeB)
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Setting the stage—models

Intended models:

@ Object variables range over a set (universe) U
@ Class variables range over [0, 11V
e Class-class variables range over [0, 1]0-11"

‘General’ models for an MV-chain A:
@ Object variables range over a set (universe) U
@ Class variables range over a subset of AY
@ Class-class variables range over a subset of A~
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Setting the stage—axiomatization?

W.r.t. intended models: not a nice one (it contains second-order logic)

W.r.t. general models: yes (due to the completeness theorem)

But even soundness w.r.t. intended models is very usefull
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Setting the stage—axiomatization
First-order axioms: those of Ex where K is the class all MV-chains with A
Equality axioms: as usual plus (Vx, y)(A(x =y) & x =)

Additional axioms:
@ Comprehension axioms:

(VYO € {x [ o)} « @) and (VY)Y € {X | o(X)} & ¢(Y))

@ Extensionality:
Vx)Ax €A xeB)—>A=B

VX)AX eAXeB) > A=8

@ Axioms for tuples: tuples equal iff all components equal, etc.
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From similarities to partitions

Definitions
[x]r =ar {y | Ryx}
VIR =4t {A (@A = [x]r)}
Results
@ Crisp(V/R)
@ ARefl(R) — Cover(V/R) & NormM(V/R) Refl(R) — (Yx)(x € [x]g)

@ Trans?(R) & Sym(R) — Disj(V/R)
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From similarities to partitions

Definitions
[x]r =ar {y | Ryx}
VIR =4 {A|(3x)A = [x]r)}

Results
@ Crisp(V/R)
@ ARefl(R) — Cover(V/R) & NormM(V/R) Refl(R) — (Yx)(x € [x]g)
@ Trans?(R) & Sym(R) — Disj(V/R)  Trans(R) — (¥x, y)(Rxy — [x]z € [y]z)
1. Rzx & Rxy — Rzy Trans(R) and (V1)
2. Rxy — (Rzx — Rzy) 1., residuation, MP
3. Rxy = (z€[xlr = z€[ylr) 2. and comprehension axioms
4. Rxy — [x]g € [YIr 3. and (V2)
5. Trans(R) — (Rxy — [x]z C [yIr) 4. and deduction theorem
6. Trans(R) — (¥x,y)(Rxy — [x]z C [VIr) 5. and (V2)
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From similarities to partitions

Definitions
[x]r =af {y | Ryx}
VIR =4 {A|(3x)A = [x]r)}

Results
@ Crisp(V/R)
@ ARefl(R) — Cover(V/R) & NormM(V/R) Refl(R) — (Yx)(x € [x]g)
@ Trans?(R) & Sym(R) — Disj(V/R)  Trans(R) — (¥x, y)(Rxy — [x]z € [y]z)
1. Rxy & Rxz — Ryz Trans(R), Sym(R), and (V1)
2. x€[ylg&x € [z]g = Ryz 1. and comprehension axioms
3. xeylr&x€[zlg — VIr C [2]r 2. and Trans(R)
4. (A0)(x € [ylr & x € [z]r) — [¥Ir € [z]r 3. and (42)
5. Trans*(R) & Sym(R) — ((In)(x € [ylg & x € [z]gr) — [ylr C [z]r) 4. and DT
6. Trans’(R) & Sym(R) — Disj(V/R) 5.,(¥2),and...
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From similarities to partitions

Definitions
[x]r =ar {y | Ryx}
VIR =4t {A (@A = [x]r)}
Results
@ Crisp(V/R)
@ ARefl(R) — Cover(V/R) & NormM(V/R) Refl(R) — (Yx)(x € [x]g)

@ Trans?(R) & Sym(R) — Disj(V/R)  Trans(R) — (¥x, y)(Rxy — [x]z € [y]z)
So together we proved:
Transz(R) & Sym(R) & A Refl(R) — Part(V/R)

A Sim(R) — A Part(V/R)
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Semantical content

Trans>(R) & Sym(R) — Disj(V/R)
Thus for fuzzy relation R: U? — [0, 1] st. || Trans(R)|| = || Sym(R)|| = 0.9:

0.7 < || Disj(V/R)||
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Semantical content

Trans>(R) & Sym(R) — Disj(V/R)

Thus for fuzzy relation R: U? — [0, 1] st. || Trans(R)|| = || Sym(R)|| = 0.9:

0.7 < || Disj(V/R)||

This says that:

0.7§Ainf (sup(zeA&zeB)—>inlf](zeA—meB))
zZ€

be zeU

where

x&y=max{x+y—-1,0} x —>y=min{l —x+y, 1}
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From partitions to similarities
Definition
R =g ()| (@AeAxecA&ycA)

Results
@ Sym(RH)
@ Crisp(A) & Cover(A) — ARefl(R™)
@ Disj(A) — Trans(R™)
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From partitions to similarities
Definition
R =g ()| (@AeAxecA&ycA)

Results

@ Sym(R™)
@ Crisp(A) & Cover(A) — ARefl(R™)
@ Disj(A) — Trans(R™)

1. yeX&yeY)>XCY Disj (X), (Y1), and (31)
2. (X eX)xeX&yeX) RXxy
3. AYeX)yeY&zeY) RXyz
4. AX, Y e X)xeX&yeX&yeY&zeY) 2.,3.,and...
5 (AX,Y e X)xeX&XCY&zeY) 1.,4.,and ...
6. AX,Y e X)xe Y &z€Y) 5.and...
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From partitions to similarities

Definition

R =y {(x.))|(QAeA)(xc A&y € A)}
Results
@ Sym(R™)
@ Crisp(A) & Cover(A) — ARefl(R™)
@ Disj(A) — Trans(R™)

So together we proved:

Part(A) — A Sym(R™) & A Refl(R™) & Trans(R™)

Part(A) — Sim(R™)
A Part(A) — A Sim(R™)
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There and back again ...

Results
Sim(R) — (RVR ~ R)

APart(A) - VR = A
Proof of R ¢ RV/R:

Rxy

- DIr=Dlr&x€ylr &y € [ylr Refl(R)
- (F)([z]r = [zlr & x € [z]r & y € [2]r)

. (A2 F)(z2lg=Z&x€Z&y€Z)

- A2)(A)zlr=2) &x e Z&y€e Z)

. (AZeV/IRxeZ&yecZ)

_RVIR xy

N o oA N =
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Future work: the ‘logical’ part

@ Extending the scope of our results
@ Generalizing other usual classical results
» Developing model-theory of our structures
» Studying the usual strengthenings of classical FO
@ Studying genuinely ‘non-classical’ aspects of our approach:
» Safe structures
» Unusual forms of Skolemization, Herbrand theorem etc.
» Witnessed structures
» Generalized quantifiers

@ Exploring connections to other approaches to non-classical FOL:

» Those close in spirit to ours; e.g. Ono’s treatment of first-order
substructural logics

» Those based on some kind of Kripke semantics

» Those based on polyadic and cylindric algebras

» Categorial approaches

» Game-theoretic semantics

» Continuous model theory
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Future work: the ‘fuzzy mathematics’ part
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Future work: The big picture
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Future work: The big picture

0@

Find a ‘market’ for all this work
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Future work: The big picture

0@

Find a ‘market’ for all this work
not only in mathematics
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Future work: The big picture

0@

Find a ‘market’ for all this work
not only in mathematics
but also in
computer science, linguistic, philosophy, etc.
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